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PREFACE. 



It is hoped that this little book will be found to 
5 a suitable text-book for students preparing for the 
Tibridge Previous Examination, for Woolwich, for 
s Oxford and Cambridge Certificate, for the London 
[atriculation, for the Local, and for other Examina- 
bns of a similar nature. At the same time I have 
pdeavoured not to lose sight of the importance of 
Be subject as an introduction to the study of Physics 
pd of Practical Mechanics. 

A knowledge of the 'Trigonometry of one Angle'* 
I assumed in some parts of the book— it will be 
bund, however, that considerable portions may be 
ad without any acquaintance with Trigonometry. 
The truth of the Parallelogram of Forces is as- 
, and the student who has not already read 
iome elementary Dynamics is recommended to post- 
|>ne the consideration of the proof until he reaches 
|at subject. 

have therefore based the whole subject on 
Newton's Laws of Motion, a method which in my 
[Mnion greatly simplifies the subject. The accus- 
IDmed proofs of the fundamental propositions based 
the principle of the TransmissibiHty of Force 
; given in a separate Chapter ; these proofs (with 
ihe exception of that of the Parallelogram of Forces 
tself, which perhaps I may venture to omit altogether 

equiied in the AdditionaJ Subjects of (he Cambridge 
linaliuii. See hlxiiiiilnalign Papers at tbe ead of this buok. 



should the book reach a Second Edition) are instruc- 
tive and not difficult. 

The use of the word Resolute, as the proper ab- 
breviation for ' Resolved Part ', will I hope be found 
useful in emphasizing the importance of the idea, 

I have added a chapter on Graphic Statics and 
have reserved for that Chapter the consideration of 
the 'Triangle of Forces'; as I venture to think that 
the method of solution based upon purely geometri- 
cal principles is best kept distinct from that based 
upon the Resolution of Forces. 

The Examples have been made as simple as 
possible; the collection of lOO Miscellaneous Ex- 
amples at the end of the book will be found some- 
what more difficult. I have to thank the Rev. R. G. 
Watson for kind assistance in reading the proofs 
and in verifying the Answers. 

Great pains have been taken with the Figures 
(for some of which I am indebted to Trautwine'a 
Engineers' Pocket-Book) ; the printing of the Cam- 
bridge University Press leaves little to be desired in 
that respect. 

The order of the Chapters may be varied at the 
discretion of Teachers ; on this point (the arrange- 
ments of the subject) as well as on any other details 
of the Book I shall be very grateful for criticigms, 
suggestions or corrections. 

J. B. LOCK. 



I Gc» 



D Cahts College, 
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STATICS. 



CHAPTER I. 



Force. 

We derive our first notion of ' Force ' from i 
Muscular sense. 

We press something with oni hand ; the somelhing resiFts Ihe pres- 
BJBte. We apply with oui hand force to the something ; die ramething 
applies an opposite force called resistance to our hnnd. 

When an agent [D. 183] produces similar effects to 
Me which are produced by our own muscular exertions, 
b conclude that the agent itself exerts force. 
I £xamptt. When s. Slsam Engine presses against 3. cariinfc, it 
n effect on the carriage similar to that which con be pro- 
d by the exertion of the muscles of men or of horses. 
The afhiieit of ganpawdtr propels a cnnnon ball by force appliLTi 
usly for i. short interval to the eannon hall, just as a bowler 
a cricket hall by the force applied continuously for a small 
val by his band to the ball. 
I 3, When our muscular exertion is resisted or impeded 
\ a. thing we are said to exert fbrce upon that thing. 



9 remtance 1 
e of force. 

\iRxainpU. A n 
ijrfyUie/jressu; 
I US. 



1 necessary accompaniment of the exist- 



il press unless he ha* =,iitoi:'i.Vim\^ \o -«\;«ii 



f a STATICS. 

4. DEFINITION. Any thing to which force can be 
applied, or which can offer resistance to force, is called 
matter. 

DEF. The amount of matter in a thing is called its 
EISS. 

We decide whether a ceitain thing is matter by an [ippeal, direct en 
irect, to our muscular Sense. The eye may easily be deceived with 
:egard to the ma^s of an object ; for the mass of a body Is proportional 
to its capacity for resisting force, and not to its shape, of colour, etc. 

5. The following definition of force is the same as that 
given in Dynamics. The strict and exclusive sense in 
which the word force is used in Physical Science can only 
be understood when the student has grasped the idea of 
acceleration. The student who has not yet read any Dy- 
namics is advised to postpone the consideration of those 
articles marked with a star, 

DEFINITION. Force is that which when applied 
to mass produces in that mass acceleration in the direction 
of the force ; so that when the force acting on a given mass 
is doubled (the mass remaining the same) the acceleration 
which it produces is doubled ; and also when the mass on 
which it acts is doubled the force must be doubled, that the 
acceleration produced may be the same. 

the above definition, equal forces are such 
which when applied to the same mass produce in it equal 
accelerations. 

at the equality of two given foices, we must 
mass and observe the acceleration which it 
xt we must remove this force and then apply 
s mass and observe the acceleration which it 
ra accelerations are equal the forces are equal. 
apply Q ^ven force to a stone placed on a 
(of ice) by means of a string altached to the 
itervol it takes to make the stone move from 
distance; then put the stone back and repea.1 the 
ihe other force: when Ibe iiH.erva.\s otoseivei Me oijjal 



I, P"™!' 
^H iheo 
^Lprodi 



That is, in order to t 
apply one of them to a 
produces in that mass; nt 
the other force to the sair 
When these ti 
tfie, iiuppose wc 
smooth horizontal plane 
;, and observe the ii 



UNIT PORCE. 3 

the accelerations nre equa.1 and therefore the farces must be equal, nnd 
not otherwise. 

That force which produces unit acceleration in the 
mass called one pound is adopted as the unit of force in 
Dynamics. It is called a poundal. 

We might practically ascertain the magnituile of a poundal by the 
experiment following. Talte a. coiled steel wire (or spring) and press 
one end of it against a pound placed on a smooth horizontal plane, 
taking care lo keep the spring in some assigned state of compression. 
When this pressure producer in the pound the unit acceleration (and by 
repeated careful experinienls we could oblam such a result to a rough 
approximation), then Ihe pressure necessary lo keep the coiled spring in 
that precise state of strain is a poundal. 

A poundal is not a very convenient practical unit, par- 
|. Ocularly in Statics, where we never have to consider the 
tual acceleration produced by a force. 

It is explained in Dynamics that the force with 
t})ich the earth attracts i lb. (called the weight Of 1 lb.) 
% always the same at the same place, and also in places in 
e latitude at the same height above the sea level. 
Also, the difference between the weight of i lb. at Green- 
ich and the weight of i lb. at any other place in the 
litish Isles is very small. 

The weiglit of i lb. at ihe poles (where weight is greatest) is 
III times the weight of i lb. at Greenwich; and it is \\\\ limes the 
of I lb. at the equator, where weight is least. 
Thus the weight of 1 Ih. in any particular lati- 
ide is a fyrce whose magnitude is definite and easily avatl- 
t, and the magnitude of any given force can be easily 
iartii with it. Hence the weight of i lb. is a very con- 
uient unit force in Statics, and it will be adopted as 
li in the present work. 
I The word weight in the expression ' i lb. weight' is often omitted 
" ■■ When it is clear that a firci is intended, there can Imwn 
[oilyi and it will be understood llml a (otce ol jVaa.wwti'MHit- 
W fcf what in DjTinmics must be caUed ' jttis. we\^\.: 



I of any force by one mass on a 
second mass there always corresponds a reaction con- 
, sisting of an equal and opposite force exerted by the second 
; mass on the first. 

To every action there corresponds an equal and 
|. opposite reaction [D. 52]. 

Hence at the point of action of a force there is always 
I acting a second equal force In exactly the opposite 
direction. These two forces taken together are called a 
RtreBS [D. 53]. 

Example. If we apply a pressure with our hand to a msss, oOT 
hand is pressed back equally by the mass. 

When a heavy mass is placed on a tabic the table is pressed dawn- 
I wards by the mass and the ma^ is pressed with an exactly equal force 
I upwards by the table. 

When we fix our attention on one only of the two 
masses between which a stress is acting, we also must 
confine our attention to one part only of the stressj 
namely, that force which acts on the mass under our con- 
sideration. 

The effect of a single force acting alone on a mass 
s to produce motion in the mass on which It acts. 

Hence if a mass Is at test and a single force acts upon 
I it, the force will immediately commence to set the mass in 
I jnotlon. 

13- Statics Is that portion of the Science of Mechanics 
I in which we consider only those forces which, when acting 
) arranged that the mass continues at 
rest. 

|. To fix our ideas let us consider a particular Ex- 

Cunsidei a penny placed on a smooth horizonlal lahle. Let it be 
L pressed by three horizontal forces applied at three different puinti of iu 
Lnrcumferencc, each fotee being directed towards llie centre of the penny. 
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FORCE. 5 

When the forces are first applied, the patticleKof broiiie are strained, 
Ibeir relative positions being (very slijrhtly) altered by the forces. 

Let the forces be such that the penny remains at rest. As long as 
the forces continue in action the particles of the penny remain in tt stale 
and the penny is distorted, the distortion being very slight. 

15. In considering a proMem such as the above we 
always assume that the sJtape of the fnass is unaltered. 

The consideration of the change of shape in mass con- 
sequent on the action of force is very difficult and compli- 
cated. Hence in commencing the study of the effect of 
force on mass we choose those masses in which the change 
of shape is imperceptible. 

But it must not be forgotten that there is some change of shape how- 
ever slight ; and that ihe particles of the mass are in a slate of strain. 

16. DEF. When we wish to call attention to the fact 
that the change of shape in the mass under consideration, 
caused by the forces acting on it, is so small that we neglect 
it, we say that the mass is rigid. 

Although in the present treatise we do not pro- 
)se lo consider the change of shape in a mass due to 
p action of force, yet it is necessary to point out that the 
unge of shape caused by force affords a very convenient 
measuring forces. 

' ll i» found that a piece of coiled steel wire can be compressed to a 
n observed distance by the action of a certain force and that Ihe 
■npresiion is repeatedly the same for the same force. 
Hence we conclude that two forces which compress the same steel 
£ equally, are equal forces. 
~ Thns the action of a steel spring gives us a means of doubling, 
pling, etc a force, and hence of measuring any force whose n>B{n^B 

^« we wbh to know. ^^| 




Geometrical Representation 

Force has magrnltude. 
Wc say Ihal a force is so many limes the weighl of i lli 
Force has direction. 

A given force produces acceleration in a i 

We apply a pressure to a mass in a certain iJirection. 

Force when acting upon a mass is applied at a 
l^int. 

Each of these, magnilude, direction and point of appHca- 
\iv)n must be known before the effect which the force pro- 
I duces in the mass on which it acts can be known. 

They can al! be indicated geometricaUy by a finite 
[ straight Une with some mark on it to indicate the point of 
appUcation. 



For a finite straight line has mas^niliide, namely its 
I length. 

Its magnitude is measured by the number of units of length «'hich il 
i. Hence when a line represents a force each unit of length re- 
[ presents a unit force. For example: a.n inch may represent i !h. 

A finite straight line has direction, provided it is under- 
stood Ihat it is dnv/n f-oi/i some point; and this point can 
ftserve to indicate the point of application. 

Thus when we speak of the force O^ we sliall mean that the force 
[b represented in length by the length of 0/1, and in direction by the 
■■iitection from lo A ; and that the point of application is 0. 

It is convenient to indicate by an arrow that tlie force 
:ts io the direction Oj4 and not in the direction y^O. 



I 



GEOMETRICAL REPRESENTATION. 7 

iQ. It is important to notice that the word direction 
means more than line of action. For any given line has 
tnro directions, the one exactly opposite to the other. 

Thus, ihe line lenninated by the point O and A has the two direc- 

is ; namely, (i) from A to 0, (ii) from to A. 

ExampU. Three lines of 3 in., i\ in. and 4 in. drawn from a 
paint in givat directions represent three forces ; (lie smaltei 
5 lbs.; vihat are the ma^itttdes nflhe others? 

Here ij in. represents 5 lbs. 

Therefore 3 in. represents ^ of j lbs. = 6 lbs. 
and 4 in. represents "^ of j lbs. — S lbs. 

Therefore the other two forces are 6 lbs. and g lbs. 



I^rce 



ESAUFLES. I. 

I wish to represent 3 forces of 2 lbs., 3 lbs., and 4 lbs. by 
aight lines drawn parallel to the forces; if 1 represent the 
if 2 lbs. by a line \ in. long, with what lengths must I re- 
it ihc other two forces ? 
Three forces are proportional to the sides of a triangle 
whose sides are 3 in., 4 in,, and 5 inches ; the smaller force is 
^J lbs. ; what are the others ? 

7. Assuming that a line of 3 inches represents a force of 
R 4 lbs. ; find the lengths of the lines to represent to lbs., 12 lbs. 
r-and zjlbs. 

Assuming that a force of Jo lbs. is represented by a line 
I bf 6^ inches ; find the force represented by a line of 2 ft. and by 
k line of 14 inches. 

a right-angled triangle the sides containing the right 

^jDgle are 3 in. and 4 in. ; taking the hypotenuse to represent a 

l^rce of aj lbs., what force would be represented by the sides ? 

Forces of 3 lbs, towards the North and 3 lbs. towards 

tbeWesI are represented by lines OA, OB respectively; what 

Wfyne is represented by the line All} 

7i ABC is an equilateral triangle, and AD is drawn per- 
•ndicular to FC; DA represents a force 3 lbs. northwards; 
'lat forces do AB and DJl represent f 



CHAPTER II. 
Forces acting at One Point. 



DEF. A particle is a portion of mattec « 
I small that it may be treated practically as a geo- 
tnetrical point. 

Hence, when forces act on a particle they are to l>e considered as 
L esch acting at the point at which the particle is placed. 

Praclirnlly, we may consider those masses to be particles in idudi 
■e do not lake into account any tendency to rotalion, or in which all 
I the points of the mass tend to move together in the same direction. 

Note. In practice a force is applied to a body distributed over n 

I mnall area; a force cannot be actually applied at a geometrical fsint, 

ar can a force act in a geometrical Uni. 

Even a force applied lo a body by means of a fine thread is reall]' 

i applied to a small area. But such a force appro 

I having a line of action and afainf of application. 

As the student proceeds with the subject he w 

force acting in a geometrical line is in many cases the sleUkal nfiresttifa- 

tian of a great number of minute parallel forces and that the feint of 

application is the cfiiltv of the system of parallel forces which the single 

Ibrce represents. 

DEF. Wlien the forces acting upon a particle at 

;t are such that the particle continues at rest, the forc es 

to be in equlUbii 



e that a single 




EQUILIBRIUM. 9 

For, since the particle is at rest, and continues at rest, the conditions 
for its equihbriura cannot have anything to do with the magnitude of 
its mass ; these conditions only concern \hs forces acting upon it ; hence 
we say of such a system that t\s/orca are in equilibrium. 

2 2. DEF. The resultant of a number of forces 
acting upon .1 particle is the single force which can produce 
in the particle the same effect as the forces acting together. 

Any number of forces acting on a Particle at rest, pro- 
duce in that particle a tendency to motion. This tetidency 
can be only in one direction and must be of definite magni- 
tude. Hence, any number of forces acting at a point must 
have one and only one resultant. 

Since the forces considered in Statics are always in 
equilibrium, we may with advantage express the above 
definition as follows. 

DEF. The resultant of any number of forces acting 
at a point is the force equal and opposite to that force 
which when acting at the same point will form with the 
I ^ven forces a system in equilibrium. 

The force which forms ivith any given system of torces a system in 
tqnitihrium is sometimes called the aatl-resnltaut. 

A Particle acted on by One Force. 

When a single force acts upon a mass, it produces 

Q the mass. 



J But in Statics we only consider those arrangemi 
norces which do not produce motion. 

Therefore we do not consider the effect of 

e acling alone on a mass. 
k Tlic discussion of the effect of a single force will be found 



single "^ 



A Particle acted on ev Two Forces. 

24. When two forces act upon a mass, each force pro- 
ices its own acceleration in the mass. 

When two forces acting at one point upon the same 
1 mass together produce rest, the accelerations which they 
produce must be equal and opposite. 

Therefore Cos forces must also be equal in magnitude, 
in the same line, and opposite in direction. Hence, 

PROP. WJun two forces acting at the same point art 
in equilibrium they must be of equal magnitude, ih^ must a 
in the same line and they must act in opposite directions. 



A Particle acted on by Several Forces having \ 
SAME Line of Action. 

as. Consider a mass at rest when under the actid 
several forces all of which have the same Hue of actioiuj 

Since the acceleration produced by all the forced 
gether is zero, therefore the sum of the accelerations in 
one direction must be equal to the sum of the acceler 
in the other direction. 

Therefore the sum of all the forces acting in^ 
direction must be equal to the sum of the forces a 
the opposite direction. 

Example. Forces of 3 lbs. and 4 lbs. towards the North ai 
particle and forces of 1 lbs. and 5 lbs. towards the South a 
same particle. The particle is in equilibrium because the sum ^ 
two forces 3 lbs. + 4 lbs. ate equal to Ihe SHm of Ibe np; 
libs. + 5 lbs. 



EQUILIBRIUM OF A SINGLE PARTICLE. H 

26. Also, in order to find the resultant [Art 22] of any 
number of forces acting on a particle having the same line of 
acrion, we must add together all those forces which act in one 

_ direction and subtract from them the sum of all the forces 
tehich act in the contrary direction ; the difference will be 
jhe resullant of the forces under consideration. 

mExamflt. Find the resultant of forces of 5 lbs., 6 lbs. and 7 lbs. 
n a particle imaards tki East and ^ lbs. and Slbs. ailing an ihi 
teparlide tmtiards the West. 
P We have 5 + 6+ 7= [8 lbs. in one direction opposed by 3 + 8=11 lbs. 
Slbe opposite direction. 

Hence theii resultant is 18-11 = 7 "'^* towards Ihe East. 

27. Further, we shall obtain the desired result even if 
I subirad the forces whose sum is the greater frmn the forces 

x is the less, provided we record the result as a 
\ed to the lesser force. 

Mscample. In the above example we might h^ve said tbat the 
I tmeards the West is 11 - 18= - J lbs. ; ihal is, 7 lbs. in a 
n exactly opposite to the direction considered. 

This suggests that we sliould define the opposing 
J as negative forces, and agree that the sign - ap- 
Ueii to a farce shall indicate that it is opposed to the force to 
'^Uk the sign + is applied. 

DBF. It is convenient to use the word seoM 
J indicate that forces in the same line are or are not 
apposed to each other. 

Thus the word sense in Geometry corresponds to the 
rord Hpi as commonly used in Algebra. 

We shall always indicate the sense of a line in a figurj 
by llie order of the letters thus AA' - - A' A. 
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STATICS. 

In future when we speak of the Bum of a number 
\oi forces or of lines representing them, it must be under- 
Rood that in forming the sum due attention must be paid 
Uo sign. 

In the above example the sum of forces acting towanls the East oa 
.eparticleis( + 5 + 6 + 7-3-8}lbs., that is +7 lbs. 
With this understanding the condition for the equili- 
I brium of a single particle when acted on by forces in one 
1 line may be stated thus. 

PROP. Any number of forces acting in the same 
I line at the same point are in equilibrium whm the sum of 
\ those forces is zero. 

viple i. Arrangt the fonts ? lbs., 3 lbs., 4. lbs. ajid 6 lbs. acting 
I fa tA6 same line, thai iAeir resutlant may be ai small as possible. 

When we oppose the forces of i lbs. and 6 lbs. to those of 3 lbs. and 

s. the resultant is 1 lb. 

It nill be found on trial that the resultant of any other nrrangement 
I ii greater than i lb. 

Hence, the arrangeraent required is +1 lbs., -3 lbs.,- 4 lbs., +6 lbs. 



Example ii. Can ike fore 
K farticte in the same line be so i 



1 lb. 1 lbs. 3 lbs. and 6 
-anged as In be in equilihi 



sum of the forces must be tero a 
+ i!bs. +3lbs. -61bs. is zero. 
Therefore when the forces lib., libs., 3 
Ind the 6 lbs. in the opposite sense the forcei 




FORCES IN THE SAME LINE. 



EXAMPLES, n. 



3. Find the resultant of the forces +3 lbs., +5 lbs., +7 lbs. 
and -4!bs., -6 lbs., —8 ibs. acting all towards the north, 

4. y^5CZ> is a straight line, .'15=2 ft., fiC=3ft., CZ'=4fL; 
find the resultant of the forces represented by AB, BC, CD 
and DB. 

5. As in Question 4, find the resultant of the forces repre- 
sented by AC, BD, DA and CB. 

6. As in Question 4, find the resultant of the forces repre- 
sented by ^ZJ, .5/?, Ci?, -BC, -AB. 

A weight of 36 lbs. is on a horizontal plane, a man 
D upward pull of 30 Ibs. to the weight. What is the 
3f the weight on the plane.' 

■ 'S. 3 men endeavour to lift a. stone of 2 cwt.; one man pulls 
ivards with a force of 50 lbs., another with a force of 80 lbs., 
d there is a pressure upwards of the ground on the stone of 
|lbs.; what is the pull of the third man? 

A cart is on the side of a hill, and it is known that a force 
vt. up the bill is necessary to make it move up the hill ; 
" a push up the Iiill each with a force of 28 lbs.; and 
, e are three horses, one pulls upwards with a force of 1 50 lbs., 
.Other with a force of 200 lbs. upwards. What is the pull of 
e third horse if the cart remains at rest ? 

A, B, C, D are points on a straight line ; shew that, for 
V arrangement whatever of the points, forces represented by 
\ BD, DC, CA are in equilibrium. - 



CHAPTER in. 

The Parallelogram of Forces. 

*32. In the Dynamics, p. 96, it is proved that when 
1 point has two simultaneous accelerations represented in 
magnitude and direction by two straight lines OA, 0£ then 
the motion of the point is precisely the same as that pro- 
duced hy a single acceleration which is represented in magni- 
I tude and direction by the diagonal OC of the parallelograni 
I OAC£. 

From this we can deduce the following proposition. 

33. PROP. The Parallelogram Of PorccB. Whm 

I two forces acting at a point are represented in magniiude and 
\dircction by two lines OA, OB, then their resultant is repre- 
^settled in niagnittide and direction by the diagonal OC of 
m the parallelogram OACB. 




This proposition may be considered the fundamental 
I theorem of Mechanics. The following proof is taken from 
I Lock's Dynamics. 

*Let the two forces act simultaneously on a particle; 
Ktheir resultant is that force which produces in the par 
e same effect as the two forces acting simultaneouslw 
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Each of the two forces produces in the particle an 
acceleration which can be represented in magnitude and 
direction by the lines OA, OB respectively. 

Therefore the two forces acting simultaneously, produce 
in the particle motion such as would be caused by a 
single acceleration represented by OC. 

But a single force represented by OC would, acting 
alone on the particle, produce this acceleration. That is to 
say, the single force represented by the diagonal OC of the 
parallelogram OACB is the resultant of the two forces 
represented by OA, OC. 

34. Those who have not yet read any Dynamics are 
recommended to assume the truth of the above proposi' 
tioD, and to postpone the consideration of the proof for the 1 
present 

This is in effect to assume iis the Slalical Definition of 
force the following 

STATICAL DEFINITION. Force is that which 
when applied to a mass at rest produces in that mass a 
tendency to motion ; the direction of the tendency is in the 
direction in which the force acts ; and when two forces act 
at llie same point their resultant [Art, zz] is found by the 
paraiielogram law: 

35. The parallelogram law is as follows ; 
When two quantities can be represented by two straight 

lines OA, OB drawn from a point O, then their joint effect 
^^ represented by OR the diagonal through of tl^H 
^baDelogrjm OARB. ^H 



36. By the ParaUelogram of Forces we are enabled to 
find a single force whose effect on a particle is the same 
as two forces jointly. 

37. The truth of tlie parallelogram of forces may be 
roughly tested by some such apparatus as the following ; 

A board has three small smooth pulleys L, AT, N fixed, 
to it. 




Three strings knotted together at have their other 
extremities fastened to weights Pi, P^, P^; these strii^ 
are then arranged as in the figure, the plane of the board 
being vertical. 

Now considering the equilibrium of the knot at O, we 
have three forces applied to it by the strings in the direc- 
tions OM, ONanA OL respectively, the forces being equal 
to the weights <ii P^ , P^, P^ respectively. 

Suppose for example P,~ i lbs. and P,~4 lbs. ; draw 
on the board lines O^, OB parallel to OM, ON making 
OA--^Ya., 0B = 4m., and complete the parallelogram 
OACB. 

Then if we measure OC, it will be found that the 
number of inches in OC will be equal lo the nunib^ 
pounds in /",. 
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The student may experiment roughly with three strings knotted 
together at one point Let one of the strings be fastened to a hook 
on a table, and let the student take one end of each of the other strings 
in each hand and pull with different forces. Then, by marking on the 
table the directions of the strings and drawing a parallelogram, he can 
find roughly the force with which each string is pulled. 

38. To find the resultant of two fbrces at right 
anglei to each other we have to find the length and di- 
rection of the diagonal of a rectangle whose sides are given. 

Example (i). Find the resultant of two forces ofi lbs. and \i lbs. at 
right angles to each other. 

Let OA represent n lbs. and OB represent 5 lbs. the angle A OB 
being a right angle. 



Complete the parallelogram OACB and join OC. 

Then OC represents the required resultant. 

Now OC»=0^«+^C«=0^«+0^=iiS+5«=i69=i3« 

Therefore OC represents i3lbs. (i), 

AC R 
and the angle AOC is such that tan ^0C=^ = -- = -4i3333 ... (ii). 

Whence [from the Tables] AOC =22° 18' nearly. 

Example ii. Find the direction and magnitude of the resultant of 
forces ofB lbs. and 9 lbs. at right angles to each other. 

Let OA represent 9 lbs., and OB 8 lbs. 
Complete the panUeiogjnm OACB. 

Join OC, Then OC represents the Teqmted ies«\\axv\.. 
L.S. -" 



i8 
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Now 



OC^=OA^+AC^.= OA^-\-OJB^=g^-\-%^ 
B ,.,.- c 



ma 




9lb8 '^ " ' A 

Therefore C?C represents 11*45. ..lbs (i) 

And 

Whence [from the Tables] A 00=141° 2a' nearly. 



tan ^(9C=^j = -= -888888 (ii) 

OA 9 



EXAMPLES, m. 

Find the direction and magnitude of the resultant of the i 
lowing pairs of forces ; each pair being at right angles (worki 
out the surds to 4 significant figures). 

1. 3 lbs. and 4 lbs. 

2. 15 lbs. and 10 lbs. 

3. 25 lbs. and 60 lbs. 

4. 6 lbs. and 7 lbs. 

5. 10 lbs. and 1 1 lbs. 

6. 10 lbs. and 20 lbs. 

7. 4 lbs. and 4 lbs. 

8. I lb. and V3 lbs. 

9. (i + 2 V2) lbs. and 2^2 lbs. 
10. (3+V3) lbs. and i lb. 

IL ( I + V3 + V2) lbs. and ( I + V2) lbs. 

12. (2 + ^2 + 3 + V3) lbs. and (2 ^f2 + j) lbs 

13. yi lbs. and 4a lbs. 
14 a lbs. and d lbs. 
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39. We may [Art. 33] at any time replace two forces 
which act upon a particle by a single force called their 
resultant; and the effect of this single force on the particle 
will be the same as the eflfect of the two forces together. 

Conversely we may, if we please, at any time replace 
the single force (the resultant) by the two forces which to- 
gether have the same eflfect. 

40. When we replace a single force acting on a particle 
by two forces whose joint eflfect is the same, the two forces 
are called components of the single force. 

41. PROP, A force can be resolved into two com- 
ponents in any assigned directions. 

Let OR be the given force and OHy OK the given 



I 

B ^ 



'"'.. 




A --.. 



H 



directions, from R draw RA parallel to KO and RB parallel 

to^a 

Then by the parallelogram of forces we may replace t^ 
force OR by the two forces represented by OA and C 



^- 
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42. It is however seldom required to resolve a force 
into components, except in the case when the two com- 
ponents are at right angles to each other. The following 
examples may be omitted on first reading the subject. 

* Example. Resolve the force of 12 lbs. into two others, making the 
angles 30° and 90° with it, one on each side. ■ 



I 



6.928 



lbs 



"•«. 



■»«. 



"*_ 




.ff 



Let OR represent 12 lbs. 

Draw the angles JIOR=so°, RO^=go°. 

Through R draw RA parallel to UTO and RB parallel to IfO. 
Then OA and OB represent the two components required. 

OA sin OR A i 2 



Now 



Hence 



Again, 
Hence, 



OR sin OAR sin 60° ^3 ' 

OA = ~x OR =^ xi2lbs, 
n/3 3 

= 8 X i'732o...lbs.= i3'856o...lbs. 

OB _ sinQ^^ _ !!? 3?° _ JL - '^ 
OR " sin OBR " sin"6o° " ^3 "" 3 * 

OB =^^ xOR = -Jzxi2lhs.=4X 17320.. .lbs. 
3 3 

=6*928... lbs. 
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^EXAMPLES. IV. 

L Resolve the force of 36 lbs. into two others making the 
angles 90"* and 30" with it, one on each side. 

2. Resolve the force of 10 lbs. into two others making the 
angles 30° and 60"* with it, one on each side. 

3. Resolve the force of i lb. into two others each making 
the angle 60"* with it. 

4. Resolve the force of 100 lbs. into two others each making 
the angle 30° with it. 

5. Resolve the force of 25 lbs. into two others each making 
the angle 45° with it. 

6. Resolve the force of 100 lbs. into two equal forces, one of 
which msLkes an angle of 60° with it. 

7. Resolve a force of 20 lbs. into two equal forces, one of 
which makes an angle of 45"* with it. 

8. Resolve a force of 45 lbs. into two equal forces, one of 
which makes an angle of 30° with it. 

9. A force is resolved into two forces P and /", each making 
45** with it, and also into two forces Q and Q each making an 
angle 30* with it ; shew that Q=^\»J(ioi P, 

10. When a force is resolved into two components, the 
greater component is that which makes the smaller angle with it. 



1 

tion. ^^H 



43. DEF. When a force is resolved into 
ponents at right angles to each other each comi 
called the resolute of the force in its o 

The resolute of a force in a given dirt 

is an idea with which the student must make himself per- 
fectly familiar. 

44. To find the resolute of a force in a given direction 
we proceed thus. 

Let OA represent the given force, OH\kie given direction ; 




from A draw /4j1/ perpendicular to OH; then (3y1f represents 
the required resolute in the direction OH. 

45. When the given direction makes an angle a with 

the given force so that A 0H= o, 

. OM 

then, since -=r^ = cos a, 

OA 

we have 0M= OA . cos a, 

or, the resolute of a force /" in a direction making the ang^e 

a with ilia /"cos a. 

Note. That which we have here called the resoiuU 
of a force is in most books on Statics called the rasolved 
\ part of a force. 

The iHca is so imporlMil in the subject thai a definite name will be 
round usefu]. 
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Example L Find the resolute of a force of 10 lbs. in the direction 
making the angle 60° with it. 

Here OA represents 10 lbs. and AOM=6o°9 
therefore 0M= 10 cos 60° = 5 lbs. 

Example ii. Find the resolute of a force of ^21 lbs. in the direction 
making the angle whose cosine is '647 with it. 

Here OA represents 311 lbs. and cos A0M—'6^*ji 
therefore 0M= 3a i x '647 . 



EXAMPLES. V. 

Find the resolute of each of the following forces in the 
direction making the given angle with it. 

1. 30 lbs., at the angle 60° with it. 

2. 50 lbs., at the angle 30* with it. 

3. 4^2 lbs., at the angle 45° with it 

4. 125 lbs., at the angle whose cosine is f with it. 

5. 300 lbs., at the angle whose cosine is 7 with it. 

6. 437 lbs., at the angle whose cosine is '125 with it. 

7. 237 lbs., at the angle whose cosine is 794 with it. 

8. 347 lbs., at the angle 35° 48' 30" [cos 35*48' 3o"=-58s]. 
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46. To find the resultant of two given components we 
may proceed as follows. 

Example, Find the resultant of two forces of 4 lbs. and 3 lbs. 
acting on a particle inclined to each other at an angle of 60°. 

Let OA represent 4 lbs. wt., let OB represent 3 lbs. wt., and let the 
angle ^C?^= 60°. 




Complete the parallelogram OACB, then OC represents the required 
resultant. 

We have to find the force represented by OC, 
Let the unit length represent i lb. 
Then the length of 0B=^, the length of 0A=^. 
Also AN= A C cos 60° = 3 x J, 

iVC=^Csin6o°=3xJV3» 
.'. OC=V37 = 6-o8...1bs. 



EXAMPLES. VI. 

Find the resultants of the following forces. 

1. Forces of 5 lbs. and 5 lbs., inclined to each other at the 
angle whose cosine is |. 

2. Forces of 6 lbs. and 3 lbs., inclined to each other at the 
angle whose cosine is |. 1 

3. Forces of 7 lbs. and 12 lbs., inclined to each other at the 
angle whose cosine is ^. 

4. Forces of 3 lbs. and 4 lbs., inclined at the angle 30°. 

5. Forces of 3 lbs. and 8 lbs., inclined at 60°. 



i^'ESVLTANTS. 

Forces of 5 lbs, and lolbs., inclined at 45°. 
Forces of 1 lb. and 3^2lbs., inclined at 45°. 
Forces of 10 lbs. and 10^*3 lbs., inclined at 30°. 
A force of 20 lbs. towards the North, and a force of 
plbs. towards the North-west. 

A boat is pulled by a force of 30 lbs. towards the South 
kd by a force of 20 lbs. towards the North-west. What other 
is acting upon it if it remains at rest? 
Two horses pull at a block of stone, one with a hori- 
jffital force of 1 00 lbs. the other with a horizontal force of 1 30 lbs., 
Jb forces being inclined to each other at tlie angle whose cosine 
K^i what is the force which keeps the stone at rest? 

Two forces /"lbs. and ^iPVos. act at a point; P acts 
"i the East and ^2P towards the N.W.; find their 
ultant. 
^3. Two forces a lbs. and 4 lbs. inclined to each other at an 
^le of 120° act at a point. What is their resultant? 
14. Two forces of 2 lbs. each acting at an angle of 60° have 
' same resultant as two equal forces acting at right angles ; 
it is the magnitude of these two forces ? 

47, It will be seen that the method employed above is 
nply a method of finding the third side of a triangle of 
liich two sides and the included angle are given. 
Thus OC = ON' + JVC = (OA + AN)' + NC 
= OA' + AN' + NC + 2OA. AN 
= OA' + AC + 2OA . AC cos NAC 
= 0A' + AC-20A . AC. cos COA. 
[The method is thus identical with the use of the 
igonometrical Formula a' = l)' + c' - zbc cos A\ 



48. The student must distinguish clearly between the 
plute of a force in a given direction and a compofient of ll 

\ the same direction when the two components 
t at right angles. 



he \ 

the ' 
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49- As the student proceeds in the sul)ject he will find 
that the resolute of a given force m a given direction may 
be said to be that which represents the effect of the given 
force in that direction. 

Example. A force may be said to have no effect in the direction 
pcrpendicuiat to itself. The resolute of a force in the direction per- 
pendicular to the force is zero. A force may have a component of any 
I magoitude in the direction perpendicular to itself. 

;o. The resolute of a force P lbs. in the direction 
making the angle a with it is Pzos o. lbs. 

We notice that cos a is a number; so that /"cos a lbs. 
Is & force. 

We notice that cos a is never greater than i, so that the 
resolute of a force is always less than the force itself, 

Except whcD it is in the direction of the force, and then it is the 

51. The Student inust notice tliat two separate reso- 
lutes of the same force are not a pair of components of the 
force unless these two resolutes are at right angles to each 
other. 

52. There is one direction and one direction only in 
which the resolute of a force is zero ; namely, the direction 
perpendicular to the force itself. 

Hence no force can have its resolutes in two different diieclions 
each separately zero. A fact which may be slated thus ; 

When the reBolutes of a force In two different 
directions are each separately zero that force 
must be Itself zero. 

This fact is most important, and will often be use4' 
subsequent parts of the book. 



RESULTANT OF TWO FORCES, 
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53. The most convenient form of the method of Art. 46 
is to look upon it as an example of the resolution of forces. 

PROP, To find the resultant of two given forces. 
Resolve one of them into its two rectangular components 
along and perpendicular to the line of action of the other. 

Then compound the resulting forces. 




54. It should be noticed that in the above OM is the 
resolute of OB in the direction OA, Hence, 

To find the square of the resultant of two forces, find 
the sum of the resolutes of the forces in each of two 
directions at right angles to each other and add their 
squares. 

Example. Let OA and OB represent two forces. 

Draw C^A' perpendicular to OA, 

Draw BM^ i5A^ perpendiculars on OA and OK, 

Then the force OB may be replaced by the two forces OM and ON^ 
where 0M= OB cos MOB, 0N= MB = OB sin MOB, 

Hence the two forces OA and OB may be replaced by the two 
forces OA -^ OM along OA and along OR perpendicular to OA. 

• 

The resultant of these two is ^C where 

OC^ = (0A + OB cos MOB)^+MB^s\n^ MOB (i), 

1 f Arnr^ ^^ OB si n MOB ...^ 

and tan iV^6>C= 77^,= ^ . . ^p jtt^o (n). 

ON 0A + OB cos MOB ^ ' 
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Example i. A force has its resolute towards the North equal to 
6j^3 lbs., the other component is 6 lbs. towards t4ie East; find the 
magnitude and direction of the force. 

Let OM represent the force of 6 lbs. and ON that of 6 ^^3 lbs. 




Complete the rectangle NOMA, 

Then OA represents the required force and 

0A=^{&+6'^ X 3} lbs. = nibs. 



Also, since 



^= — = -, the angle i l/(9^ = 60°. 



Example ii. The resolute of a force in the direction making the angle 
whose sine is J Tvith the force is 10 lbs. ; find the force and the other 
component of the force. 

Let OM represent the given resolute. 



75/63 




20lb8 

Draw the angle MOP whose sine is |, draw MA perpendicular 
to OMzuiimg OF in A, 

Then OA represents the required force. 

Complete the rectangle OMAN\ then ON is the other component 
of the force. 

Now, smce sm MOA=- , .•. -pr-j = - and pr-: = - ; 

5 OA s OA s' 

.'. OA=i of 0M=\ of '2o\\>s.=a^^as., 
^^o MA=l of 0M=^\ of ao\bs.=i^|^ 



RESOLUTION OF FORCES. 



EXAMPLES. Vn. 



1, Find the resultant of forces of 4 lbs. and 3 lbs. inclined 
^^o each other at an angie of 45°. 

^^b 2. The rectangular components of a force in magnitude are 
^^■Ibs. and 4lbs. respectively; what is the force? 
^^P 3. The rectangular components of a force arc each 5 lbs. ; 
^Hnat is the force? 

^^1 4. The resolute of a force which makes an angle of 60° with 
^^Bie force is 10 lbs. ; what is the force ? 

^" 5. The resolute of a force which makes an angie of 30° with 
' it is V3 'hs. ; what is the force ? and find the other component. 

6. The resolute of a force making an angle of 45° with it is 
20 lbs. ; what is the other component ? 

7. The resolute of a force making an angle whose tangent 
is I with the force is 12 lbs. ; find the other component. 

8. If two forces are represented in magnitude and direction 
V the side (of length / ft.) and a diagonal of a square, prove 

it their resultant will be represented either by a line of length 
■ T by a line of length /. 
■9, ABC \% an equilateral triangle; forces /"lbs., /'lbs., 
Tbs. act at a point parallel to AC, CB,AB respectively; shew 
itlhcir resultant is (Z'+G) lbs. 

Forces of 25 lbs., 24 lbs. and 7 lbs. acting at a point are 
I equihbrium ; shew that two of them are at right angles. 

IL Forces of 40 lbs., 41 lbs. and 9 lbs. acting at a point are 
in equilibrium ; shew that two of them are at right angles. 

12. A force of 10 lbs. acts along the side ./4if of an equilateral 
triangle; what is the resolute of this force along the side AC} 
■find also its resolute in the direction parallel to CB. 

' 13. Shew that the resultant of the two resolutes in 12 is 
Ibi. 

14, D is the tnjddle point of the side AB of the equilatend 
'LDgle ABC ; prove that the resultant of force represented by . 
"■ AC is represented by ^7 times AD. 
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j5. PROP. The sum of the resolute^ in any t 
\ direction of two forces is equal to the resolute of i 
f resultant in that direction. 

Let OA, 0£, OC represent the component forces a 
\ their resultant respectively. 




Take any line OR ; draw AM, BN, CR perpendi 
from A, B, C on the line. 

Then OM, ON, OR represent the resolutes of OA, } 
OC respectively in the direction OR. 

We have to prove that 0R= 0M+ ON; 
that is, we have to prove that MR= ON. 

This is true, because OB and AC are parallel and ei 

N.B. In Ihe above proposilioD due attention must be paid \ 

^ns of the lines MR and ON. 

Thus in the left-hand figure we may say that 

OR^OM-RM-OM-NO; 
\ hut this 15 the same thing as saying that 

0R= 0M+ MR= 0M+ OJV. 
Example, Two forces not vertical support a weight of ic 
The resultant of these two forces is therefore a force of lo 
I vertically upwards. 

The SHm of the resolules in the vertical direction of these tl 
I b therefore equal to lo lbs. 

The sum of the resolules in the horiuntal direction of ihd 



idiiUns 



tsand.-.^A-^OATan 
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I 56. PROP. The sum of the resoltties in any chosen 
yeetitm of any number of forces acting at a point is equal to 
B resolute in the same direction of their resultant. 

For the sum of the resolutes of any two of the forces 
iequal to the resolute of their resultant. 
I The sum of the resolutes of this resultant and of a third 
s equal CO the resolute of their resultant ; 

and so on. 
. From this we deduce the following very important 
Ipposition, 

I 58. PROP. The sum of the resolutes . in any chosen 
rection of any number of forces acting at a point which are 
me^uilibrium, is zero. 

For the sura of their resolutes in any direction is equal 
|the resolute of their resultant. 

; the forces are in equilibrium their resultant 
B zero, and therefore its resolute in any direction is zero. 

59. PROP. When the sums of the resolutes in each of 
I two different directions of any number of forces acting at a 

point are each separately zero, the forces are in eguilibrium. 

For it follows by Art. 52 that the resolute of their resul- 
tant in two different directions must be each separately zero. 
This can only be true when their resultant is itself zero. 

60. To find the resultant of any number of forces 
Eictiog at a point, we make use of the proposition of 
Art. 5*. We find the sums of the resolutes of all the forces 
in each of two directions mutually at right angles and thus 

, obtain the resolutes of the resultant in each of those direc- 



^buttis 



We observe that two resolutes of a force which are 
ittuUly at right angles, are rectangular components 



of that,J 
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6i. PROP. To find the resultant of any number of 
forces acting at a point. 

Let OAy OBy OC, represent the forces 

P^ lbs., jPg lbs., jPg lbs.... respectively. 

Take any direction OM and draw ON perpendicular 
to OM, 




Draw AM^y AN^ perpendiculars to OM and ON re- 
spectively. 

Then we may replace the force OA by its two rectangular 
components AM^y AN^, that is by 

(jPj cos a OM) lbs. along OM, and {P^ sin AOM) lbs. 
along ON, 

Treating OB, OC in a. similar manner, we replace the 
forces OA, OB, OC,... by 

{P^cosAOM)\hs,+{P^cosBOM)\bs.+{P^cosCOAf)\hs.+... 
acting along OM, and 

{P^smAOM)\hs. ■h(P^sinBOM)\hs. + (P.sin COM) lbs. + ... 
acting along ON 

The resultant of these is a 'force OR, 
where OR'' = (P, cos ^ 0M+ P^ cos ^(9ilf + /'gcos COM. . .)• 
+ ( Pj sin AOM+ P^ sin ^(9Jlf + P^ sin COM...)', 
and 

. Z7^^v- /"i sin ^(9Jlf+P, sin ^OAf+F.svwCOilf... 
/Jcos^(?J/Vs^os J50M-V P^eo^COM... 




resVltant of a number of forces. sz 

Example. Four forces OA, OB, OC, OD of 3, 4^/2, 2^3, 
1 y/^ lbs. respectively act at O, so that the angle BOA =45°, the angle 
COB =15° and the angle DOC =60° ; find their resultant. 

Resolve each force along and perpendicular to OA, 




The resolutes along OA are OA^ OM^j OM^y OM^ in the figure, 
which = 3 lbs. , 4 tj^ cos 45° lbs., 2 siz cos 60° lbs., 2/^3 cos 1 20° lbs. 
respectively, 

therefore their j«/« is (3 + 4n/2>< -tt + ^n/S x-- 2n/3 x-Jlbs., 

that is (3 + 4 + n/s - n/s) lbs. = 7 lbs. 

The resolutes perpendicular to OA are o, ON^^ ON^, ON^ ; 
that is o, 4 \/2 sin 45°, 2 /y/3 sin 60°, 2 tjz sin 1 20° respectively, 
therefore their sum is (4+3 + 3) lbs. = 10 lbs. 

The required resultant OR is such that 

C?ie=^/{72+io2}=^{ 149} = 12-4 lbs (i), 

and izxkROA=i^ (ii). 

EXAMPLES. Vm. 

Find the resultant of each of the following sets of forces. 

1. OA^ OB^ OC=s, 4, 5 lbs. respectively; the angle 
A OB =^60% the angle BOC=yf. 

2. 6^-4 =W2 lbs., C>5=6 lbs., (?C=61bs.; the angle 
^C>^=45% the angle BOC=qo\ 

3. 6^-4=4 lbs., OB^z-Jz \hs, = OC\ the angle 

AOB=^eo'''-^BOC 
US. -^ 
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4. 0^=4lbs., 0^ = slbs., 0C=8 1bs.; the angle AOB 
such that its cosine is \ ; the angle AOC = op'. 

5. 0^ = ioolbs., 0-B=2oolhs., 0C=3Oolbs.; 0/1 nets 
towards the East, OC towards the N.W. and OB at an angle yf 
to the East of North. 

6. 0A = io\hs. = OB=0C=0D; the angle 

A0II=6o'- = B0C=C0n. 

7. Forces of 4 lbs., 5 lbs. and 5 lb?, acting on a particle 
each inclined to the other at the angle of izo°. 

8. Forces of 4 lbs., 5 lbs. and 6 lbs. acting at a point 
parallel respectively to the sides of an equilateral triangle taken 

9. Three forces each of 10 lbs., acting at a point, parallel 
respectively to the sides taken in order of a right-angled triangle 
whose sides are 3 fl., 4 ft., 5 ft. respectively. 

10. Forces of 6 lbs., 8 lbs. and 10 lbs. respectively acting at 
a point parallel respectively to the sides taken in order of a tri- 
angle whose sides are 3 ft., 4 fL and 5 ft. respectively. 

11. Forces of a lbs., 6 lbs., c lbs. respectively acting al a 
point parallel respectively to the sides taken in order of a triangle 
whose sides are a ft., d ft and c ft respectively. 

12. Forces of I lb., 2 lbs., 3 lbs., 4 lbs. and 5 lbs. acting at a 
point parallel to the sides AB, BC, CD, AD and the diagonal 
AC of a. square A BCD. 

13. ABCD is a square, and forces represented in direction 
by the lines AB, BD, DA and AC, and in magnitude by the 
numbers I, 2V2, 3. and Jz act at a point; find their resultant. 

14. Forces of I, 2, 4, 6, 8 lbs. respectively act from llie 
centre of a pentagon to the corners. Find the resultant 

15. Forces of i, 1, 3, 4, 5, 6 lbs. respectively act from the 
centre of a regular hexagon to its corners ; find their resultant 

16. ABCDEF is a regular hexagon ; find the resultant of 
forces represented by AB,AC, AD, AE, AF. 

17. P, Q and ^ act at a point parallel to the sides taken i 
order of an equilateral triangle ; shew that their resultant is 

■JiP'+^+R'-QR-RP-PQ). 

18. The arc of a quadrant is divided into four equal parts^y 
forces of i, 2, 3, 4, 5lbs. respectively act from the c "- -*^-»'" 

of those parts ; find their resultant, 
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■ MISCELLANEOUS EXAMPLES. IX. 

1, Forces of 1, 3, 6, 15 lbs. act at a point and in directions 
parallel to the sides of a square taken the same way round; 
find the magnitude of their resultant. 

Forces of 2Q, 32, \Q act at a point in directions parallel 
L40 the sides of an equilateral triangle taken the same way round ; 
'lod tbeir resultant. 

3. Three forces are represented in direction and magnitude 
t the three sides of a triangle taken the same way round; 
pve that the algebraical sum of their resolutes in any chosen 
lection is zero. 

The resultant of two forces P and Q acting at right 
sis/?; MP and Q be each increased by 3 lbs, R is increased 
f4lbs., and is now equal to the sum of the original values of 
■■ ' "; findP, Qa.adR. 
I 6. ABC is an equilateral triangle, and D is the middle 
mt of AB\ prove that the line of action of the resultant of 
s represented by AD, A C cuts off one third part of BC. 
Forces of 40, 41, and 9 lbs. acting at a point produce 
Bilibrium; shew that two of them are at right angles. 

If the angle between two given forces be increased, shew 
it their resultant is consequently diminished. 
8. Forces acting at a point are represented in magnitude 
S sAB, 2BC, CA where ABC is a triangle, and in direction 
^^£, BC, CA ; find the magnitude and direction of their 
ultant. 

Two forces P and Q of given magnitude act at a given 
bit j4 and the direction of P is iixed; shew that if the direction 
MiQ change the extremity of a straight line drann from A re- 
^senting the resultant of P and Q will lie on the circumference 
B fixed circle. 

Q forces be inclined to one another at an angle of 
e halves of a right angle, find the ratio of their magnitudes 
a their resultant equals the less. 

ABCD is a quadrilateral figure whose angles DAB, 
ire right angles; forces represented by AB,ADs.cx at A, 
i forces represented by CB, CD act at C. Shew that the 
raction of their resultant bisects the angle AEC where E is 
e middle point of BD. 
' 13, Two forces which are to each other as 2 to ^3 when 
' npoiinded produce a force equivalent to half the greater; 
d the angle at which they are inclined to e-ac.Vv oVViiei. 
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13. Forciis of 8 lbs. and 10 lbs. acting at a point have a 
resultant of 14 lbs. ; find the cosine of the angle between the 

14. Forces of 5 lbs. and 4 lbs. act at a point, the cosine of 
the angle between their directions being \ ; find the magnitude 
of their resultant 

15. A box is carried by a strap attached to handles at its 
ends; shew that the longer the strap the less will be its tension. 

ABCD is a quadrilateral and forces acting at a point 
id magnitude by BA, BC, DA, 

17. Three forces keep a particle at rest ; one acts towards 
the East, another towards the N.-W. and the third towards the 
South ; if the magnitude of the first be 3 lbs., find the magni- 
tudes of the other two. 

18. Three forces 6 lbs., 7 lbs., 10 lbs. act at a point in 
directions such that each if produced would bisect the angle 
between the other two ; find the magnitude of their resultant. 

19. Three forces P, Q, R act at a point; the angle between 
the directions of P and Q is 90°, and the direction of R bisects 
the angle between the other two; \i P=i lb., 2='/3 lbs. and 
Jf=3 ^2 lbs. J find the magnitude of the resultant of the three 

20. The resultant of two forces inclined to each other at 
45° makes an angle 30° with the smaller; if the smaller force be 
6 lbs, what is the greater? 

2L Forces are represented by the sides AB, AC of a tri- 
angle ABC ; if the resultant passes through the centre of the' 
circle described about ABC, prove that the triangle must be 
either right-angled, or isosceles. 

22. Two forces P and Q acting at an angle of 60° have a 
resultant R; prove that ■iQ + P = J{^R' -'^P'). 

23. If two forces acting at a point be each multiplied by 
the same number, shew that their resultant is multiplied by the 
number, and is unchanged in direction. 

Shew that the resolute of a force OA in any directioD 

is represented by the chord drawn from in that direction of 
the circle whose diameter is OA. 



CHAPTER IV. 
Moments, 



6z. DEF. The moment of a force about a point is 

t which varies as the force and also as the perpendicular 

tance of the point from the line of action of the force. 

[ It follows that if the force ia doubled or trebled ... the moment of the 

« about a given point is doubled or trebled...; also if the perpen- 

ir distance of the point fcom the line of action of a. given force is 

hibled oi trebled. ..the moment of the given force uliout the point is 

pibled or trebled. 

63. We shall assume as our unit moment that of unit 
rce about a point whose distance from the line of action is 
e unit distance. 

e unit force being i lb. weight, the unit distance being 
lot, the unit moment would be a foot-pound weight*. 
Hence the measure of the moment of a force about a 
int is the product of the number of lbs. in the force by the 
mber of feet in the perpendicular distance of the line of 
n of the force from the point ; or shortly, 
'he moment of a force about a point is numerkally equal 
e product of the force into its perpendicular distance 
a the point. 

" NOTK. — The unit work in Dynamics is called a-fiiBt-^ound-wtighl; 

e student should notice carefully that the foot.pound-weight of 

][ IB the product ofa force into a movemcnl, vie. a foot pasitd socr in 

r dinttion of Iht forct by Ihe point of affUcalion. This product 

tion ; no work Is done unless movement has actually taken 



k Thw the unil luori \% esaenlinlty dilferent from the anil mamnU 
ia the product oi a farrc i«lo a disla'KC per^u^ndvciA! 
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Example. Three forces efi, lbs., 4 lbs. and 5 lbs. act along A 
■s AB, AD and the diagonal AC of Ike square ABCD each i^M 

Wlidts is a ft. ; find the measures of the moments af each of tkeltjk 

Wabaut the point D. 

moment of the force 3 lbs. along AB is numerically equal n 



The moment of Ihe force 5 lbs. along AC is num 
X DN, where DJ^ is perpendicular to A C. 

DN^ + AN*=A!y^=i and DN-AN; 

ic reiiiiircd mea.™re = 5 x^j = 7-071,., 



!ricallr ei 




it of the force along AD^'aa 



diculnr from D 01^ AD\% 

EXAMPLES. X. 

1. ABCD is a square each of whose sides is 5 feet ; ferc^ 
of 5 lbs., 6 lbs., and 7 lbs., act along AB, AC and v4D, find the 
if each of these forces about D. 
Find the moment of each of the forces of Question 1 
I about the middle point ai AC. 

Find the moment of each of the forces of Question 1 
■ about the middle point of DC. 

ABCD is a square each of whose sides is 18 inches; 
; of 3 lbs,, 4. lbs., 5 lbs. and 6 lbs. act along AB, BC, CD 
bd DA respectively ; find the moment of each of these forces 

a point 2 in AD produced so that DQ=(> in. 
\ 6. Find the moment of each of the forces in Question 4 
wit a point Q on AC produced so that CQ^BJz inches. 
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A and B are two points i foot apart ; a force of 5 lbs. 
acts at A perpendicular to AB and a force of 7 lbs. acts at B 
parallel to the first force ; find the point in AB about which the 
moments of these forces are equal in magnitude. 

7. Find the point in AB produced about which the moments 
of the two forces in Question G are equal. 

8. ABC is an equilateral triangle and forces of 4lbs. and 
5 lbs. act at A along AB and A C respectively, find the point ii 

...iJC about which the moments of these forces are equal. 



64. The following experiment is important. 
a thin piece of board having a small hole in it at 
DBid be placed on i. smooth horizrint:il table, and let a si 




into the table at the point 50 that the board can turn freely 



Let two small tacks be fastened to the board at aD]> two points A 
', and let two horiiontal forces represented by AA'. BS be 
gplied (by strings fastened to the tacks) to the boari! at A and A'. 
\ It will be found that wiien the board is In equilibrinm under the 

m of these forces, 
', (i) the moment of the force AA' about Is equal to the momoit 
lE^ foice BB' about 0. 

that if each of the forces in them be allowed. to act alone for n 
eat ihey will each exhibit a power of causing the board to tarn 
d 0, hot i» BppBsitt semis. 

conditions are eipteased. shortly thus. When the beard 
y^giUIiirmm Ihe awmenls of I he forces must bt eijiia! in ma^HtuJt- 
M^tpfeiiU senses. ^M 
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65. The manner in which the force AA'y as drawn 
above, tends to produce rotation about O is said to be 
clockwise ; the manner in which the force BJffy as drawn 
above, tends to produce rotation is said to be connter- 
clockwise. 




Being respectively like and unlike the rotation of the hands of a 
clock when laid face upwards on a table. 

66. It will be found convenient to indicate that two 
moments are of the same or of contrary senses by the aid of 
the signs + and -. 

And in what follows when use is made of the sum of 
the moments about a point of any number of forces, the 
sum will be understood to mean their algebraical sum, the 
moment of each force having its proper sign according to 
its sense. 

The necessary condition that the board in the experiment of Art. 64 
should be in equilibrium may now be stated thus. The sum of the 
moments of the two forces acting upon it about the point O must be 
zero. 

It must be clearly understood that the experiment of Art. 64 does 
not prove this statement. Its truth will be deduced later on from the 
laws of motion. 



MOMENTS, 



41 



67. Since the moment of a force about a given point 
is numerically equal to the product of the force into the 
perpendicular distance from the point of the line of action 
of the force, it follows that 

The moment of a force about a point is numerically 
equcU to twice the area of the triangle formed by joining the 
point to the extremities of the line which represents the 
force. 

For let OA represent a given force in magnitude, direction and line 
of action ; let Q be any chosen point. 






H 
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Draw QM perpendicular to the line of OA, 

Then the moment of the force OA about Q is measured by the 
product of the number of lbs. in the force OA^ by the number of linear 
mutsingil/. 

But the number of lbs. in the force is the number of linear units in OA, 

Hence the moment of the force OA about the point Q is nume- 
rically equal to QMx OA, 

Through Q draw QHK parallel to OA^ and draw Off^ AK per- 
pendicular to OA, 

Then QMy. OA=HOy. OA, 

And HOy> OA numerically equals the area of the rectangle HOAK^ 
which is double of the area of the triangle QOA^ 

:. QMx 0^= double of the area of the triangle QOA. 
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Example. Three farces are representrd in direction., magniUtde and 
ttine of action by the three sities of a triangle taken the same way rnmd; 
I theie that the mm of the moments of these forces about any point whaletier 
w in the plane of the triang/e is manerically eqtud to twice the a. 




Lei ABC be the triangle, and let the forces be taken in the directions 
I indiqaleJ by the arrows. Then the sense of each of the moments (rf 
I AB, BC, CA about any point O within the triangle is clockwise; there- 
li foie their sum is nametically equal to twice the sum of tbe areas of the 

I triangles AOR, BOC, COA. that is to twice the area of the triangle 
\ ,* 05 (clockwise). 

When the point is outside the Iriangle bul within the ang^e ABC, 

n the figure, the sense of the moment of CA about O is counter- 
[ clockwise ; while the sense of the moments of AB and SC about O is 
I clockwise. 

Hence the sum of the moments of AB, BC, CA about O is name- 
l. lically equal to twice (the area of ^05 + area of flOC-aroa of COAj 
f clockwise; that is, equal to twice the area ABC (clockwise). 

Similarly the proposition may be proved to be true for any other 
I position of the point O in the plane of ABC. 

EXAMPLES. XI. 
_. Prove that the sum of the moments of two equal parallel 
Land opposite farces, not in the same line of action about any 
C point m their plane is the same for all positions of that point. 

Forces are represented in piosition, magnitude and sense 
[ by the sides of a closed polygon taken the same way round; 
r prove that the sum of the moments of these forces about any 
I point in their plane is numerically equal to twice the area of the 
L polygon. 
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3. Three forces act along the sides of an equilateral triangle 
taken the same way round ; shew that the sum of their moments 
about a point in their plane is different for different positions of 
the point, except when the forces are equal 

4. Find the locus of a point in a plane such that the moment 
of a given force about it may be constant. 

5. Three forces are represented in position, magnitude and 
direction by the three sides of a given triangle not taken the 
same way round ; find the locus of a point which moves so that 
the sum of the moments of the three forces about it may be 
constant. 

6. Prove that the moment of a given force about each of 
three points cannot be zero unless the three points lie in the 
same straight line. 

7. ABC is an equilateral triangle ; the moments of a force 
about the points A^ByC^ne respectively 6, 6, o ; find the line 
of action of the force ; if a side of the triangle is 2 ft, what is 
the magnitude of the force ? 

& ABC is an isosceles right-angled triangle whose equal 
sides AB^ ^C are 4 ft. each ; the moments of a force about the 
points Ay By C are respectively 8, 8 and 16, find the magnitude 
and line of action of the force. 
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68. PROP. Tlu moment of a foru about a given point 
's equal to the moment of one of any two components into which 
t can be resolved, provided the other component passes through 
the given point. 

Let OP represent the force. Let Q be the given point. 




Join OQ, and draw a line OA, making any finite angle 
I with OQ. 

From P draw PA parallel to QO and PB parallel to AO, 
Then OA and OB represent any two components into 
I which OP can be resolved, of which one component passes 
[ through Q. 

We have to prove that the moment of OP about Q is 
I equal to the moment of OA about Q. 

The moments have the same sense, and their magnitudes 
are represented by the triangles QOP, QOA which are upon 
same base O^ and between the same parallels OQ.AP; 
and are therefore equal. 

This proves the proposition. 
69. It is worthy of notice that the necessary condition 
that the moment of OA about Q should be equal to the 

L moment of OP about Q is, that A should lie on the line 
through /* parallel to OQ. 
And that this is the necessary condition that OA should 
be one of the components of OP, of which components one 
passes through Q. 
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70. PROP, The sum of the moments of any two forces 
acting at a point about any given point is equal to the moment 
of their resultant about the same point. 

Let OA^ OB be the forces; ^C their resultant. 
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Let Q be any given point. 

Then we have to prove that the area of 

A QOA + A QOB = A QOC. 
Draw a line NOM making any finite angle with OQ, 

Draw AMy CR, BNtaj^ parallel to QO, 

Then a Q0C= a QOR^'y 

A QOA = A QOMy 
and A QOB = a QON. 

Hence 

twice A QOA + a twice QOB 

= twice A QOM-h twice a QOJV 

= (perp. from Q on OR) x (OM-h ON) 

= (perp. from Q on OR) x ((9^^+ il//?) 

= (perp. from Q on 6^^) x OR 

= twice A QOR 

=s twice A C^C Q. E. D. 

• They are on the same base QO and between the same parallels 
QOt CR. 



r 
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71. PROP. The sum of the moments of any number 
of forces acting at a point in a plane about a given point in 
their plane is equal to the moment of their resultant about the 
same point. 

For the sum of the moments of any two of the forces 
about the point is equal to the moment of their resultant 
about that point. 

The sum of the moments of this resultant and a third 
force about the point is equal to the moments of their 
resultant about the same point; 
and so on. 

So that the sum of the momenls of all the forces about 
the point is equal to the moment of the last resultant about 
the same point ; the last resultant being the resultant of all 
the forces. Q. e. d, 

72. PROP. When a number of forces in one plane 
acting at a point are in equUibriupi, t/ien the sum of their 
moments about every single point in their plane is zero. 

For the sum of the moments of the forces about the 
point is equal to the moment of their resultant about the 
same point. 

The resultant of the forces is zero; for the forces are in 
equilibrium. 

Therefore the moment of the resultant about any point 

73. There is always a series of points about any one 
J of which the sum of the moments of any given system of 
I forces acting at a point is zero ; namely, the series of points 

which lie in the line of action of the resultant of the given 
system of forces. 
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Kor the sum of the moments of a given system of focces about any 
choseQ point Q is equ^l to the moment ahout Q of their resultant. 



product QMx. OA Is, In this particular case, lero. 

74- PROP. The tnammls of a force about each of three 
points not on the same straight line cannot be each separately 
sero. 

For the moment of a force about a point is only zero 
when its line of action passes through tlie point ; and a 
straight line cannot pass through each of three points not 
in the same straight line. 

75. PROP. When a system of forces acting at one point 
in a plane are such that the sum of their moments about each 
of three points not in the same straight line, is each separately 
zero, the system offerees must be in equilibrium. 

For the sum of the moments of the forces about any one 
point Q_ is equal to the moment about d of their resultant. 

Therefore the moments of the resultant about each of 
three points not in the same straight line are each sepa- 
rately zero. 

This by Art. 74 is impossible unless the resultant is 
itself zero. That is, the system of forces is in equilibrium. 

Q. KD. 

Example. Il is observtd of a sjisttm of forces acting al a paint that 
the sunn of their momcitts about each of two given fotnti are equal. 
What dees this prime of their resullaui ? 

The resultant of the forces either (i) is parallel to the line ]'ainii\g 
thoie two points or (ii) posses through the point of bisection of the line 
g tbe tM'o given points. For its perpendicular ilistances from each 
e two points must be equal. 
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It is observed that the sumsof the moments of two forces 
. acting at a point about each of two points in their plane are 
in the ratio of 3 to i ; what do you infer with regard to the 
I resultant of the two forces ? 

2. The sum of the moments of certain forces acting at a 
7 is found to be zero about a certain point Q ; what can 
; inferred from that fact with regard to their resultant? 

Shew that the sum of the moments of the forces in 
Question 2 about any point in the line OQ is zero. 

If the sum of the moments of the forces in Question 2 is 
'.era about some point not in the line OQ, shew that the 
forces must be in equilibrium. 

Forces of 3 lbs. and 4 lbs. act along the sides AS, AD 

of a square ABCD such that AB=^ ft. ; shew that the distance 

of their resultant from the point ^ is 4 ft., and from the point C 

and from the point ZJ is 3 ft. 

6i ABC is a triangle and D, E, F are points on the sides 

BC, CA, AB such that ^r-i = -^^ = ; prove that the sums 

of the moments of forces represented by AD^ BE, CF about 

A, B,C respectively are all equal 

A and B are fixed points on the circumference of a. 
I circle; AP and AQ are any two chords at right angles to each 
I other on opposite sides of ^5; shew that if Jiy, ^Q represent 
I forces, the difference of their moments about B is constant. 

Forces act at P the intersection of perpendiculars 
' ABC of a triangle represented by the perpendiculars AD, BE^ 

CF from ABC on the opposite sides, shew that the sums oc 
, their moments about each of the angular points cannot be zc 

unless the triangle is equilateral. Can the forces be in eq 
' librium ? 

The sum of the moments of forces acting at a point ii 

plane cannot have the same value at each of three points unless 

the three points lie in one straight line parallel to a cert 

10. The sum of the moments of forces represented by the 
bisectors of the sides about an angular point of the triangle ' ~ 
I zero ; hence shew that these three forces are in equilibrium. 
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IL The sum of the moments of forces represented by the 
bisectors of the angles of a triangle cannot be zero about an 
angular point of the triangle unless the triangle is isosceles ; 
hence shew that these three forces cannot be in equilibrium 
unless the triangle is equilateral 

12. The sum of the moments of forces acting along the 
perpendiculars from the angles on the opposite sides of a tri- 
angle, each force being proportional to the side and which is 

gerpendicular about an angular point of the triangle, is zero ; 
ence shew that these forces are m equilibrium. 

13. A point O is taken within a triangle ABC ; and forces 
are represented by OA^ OB, OC ; prove that the sum of the 
moments of these forces about A is not zero unless AO pro- 
duced bisects BC\ hence prove that the forces cannot be in 
equilibrium unless O is the point of intersection of the bisectors 
of the sides of the triangle. 
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Couples. 



76. DER A couple consists of two equal parallel 
forces of opposite senses, not in the same line of action. 

When a workman applies to the head of a screw a twist (without 
pressing in the direction of the screw) he applies a couple. 

When a man winds up his watch or a clock with a symmetrical key 
he does it by means of a couple. 

77. PROP, The sum of the moments of the two forces 
forming a couple^ about any point in their plane has a constant 
value ; this value is numerically equal to the product of one 
of the forces into the perpendicular distance between them. 

Take any point Q in the plane containing the two equal 
parallel and opposite forces AA'y BB', 

Draw QJl/TV perpendicular to the lines of action of the 
forces cutting them in M 2XiA N. 

Then, the sum of the moments of these two forces about 
Q is numerically equal to 




QN^BB^-QMy^AA' 
= {QM- QN) X AA' [for| AA' = BB^ 

= NM^AA\ 
which is independent of the position of Q. 

7 8. DER The moment of a couple C^is ntrnvencaHy 
equal to the product of one of tVie ioice^ \x^!t|f^c^^'^^2^:^'^- 
dicular distance between the fotces. 



F COUPLES. ^^^1 

jg. The moment of a couple is zero only i ^^^ 



{i) when the forces are each zero ; 
(ii) when they are in the same line of action, that 
is to say, when the couple does not exist. 
Hence, the moment of a couple is never zero. 

Eiampk. Three fanes, nol parallel to each ether, are suck thai if 
'hey acted at one point Ihey would it i« epiilHrium ; prove that they are 
■.^uivalatl la a couple. 

The resultant of two of the forces must be equal, parallel and of 
(ipposite sense to the third farce ; for if this resultant and the third 
time acted al a point they would be in equilibrium. 

This resultant and the third force therefore form a couple. 



EXAMPLES. Xm. 



1. Four forces in the same plane not all parallel are such 
■to if they acted at one point they would be in equilibrium; 
prore ihal they are equivalent to a couple. 

2. Three forces are represented in direction, magnitude, and 
line of action by the sides of a triangle taken the same way 
fund. Prove that Ihey form a couple. 

3. Prove that the moment of the couple of Question 2 is 
"iinerically equal to twice the area of the triangle. 

t Forces are represented in direction, magnitude, and line 
faction by the sides of a square taken in order; prove that the 
swn of their moments about each point in the plane of the 
^uare is constant. 

B. Prove that the forces in Question 4 are equivalent to a 
Couple, 



ri 



6, Prove that the moment of the couple in Qui 
Clerically equal to twice the area of the square. 
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CHAPTER V. 

The Equilibrium of Systems of Particles. 

80. In the present treatise we propose to consider 
only systems of forces acting in one plane. 

81. DEF, A body is a limited portion of matter, 
which we consider as composed of a very large number of 
particles. 

A rigid body is such that the external forces acting 
upon it have so small an effect upon its shape that it may 
be considered to retain its shape unchanged notwithstanding 
the forces which act upon it. [See Arts. 15, 16.] 

82. The bodies whose equilibrium we propose to dis- 
cuss will generally be either rods^ or laminsB^ or strings. 
[See Art. 120.] 

A rod is a rigid body whose length is so great compared 
with its breadth and its thickness that the last two (breadth 
and thickness) need not be considered. 

A light rod is a rod whose weight is inconsiderable 
compared with the other forces acting upon it. 

A Jamina is a rigid body whose surface is so great 
compared with its thickness that tVie \as\. (^l\v\c:\uafc%%^ tveed 
iJot be considered. 
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A Btring is a body whose breadth and thickness are 
very small comparuti with its length ; which is incapable of 
exerting any stress except in the direction of its length; 
this stress is of one kind only, namely, a ^pulL' 

An Inextenaible string is such that its length is con- 
sidered to be unchanged by the action of the external forces 
acting upon it 

Strings will always be considered inextensibk unless the 
contrary is expressly slated. 



Consider a body acted on by external forces. 




ir ideas let u>; coosiUer a [iKi UK placc.l uLi a 1,111 
natal plane acted on at points H^ L, K by forces P, Q, A' as ii 

Ic farce P is applied to a particle at ff. 
thk puticle acts on the neighbouring particles of the stick, 
1 the next particles, mid so on. 

s, besides the external forces P, Q, P, there are a multitude 

1] forces fonning the mutual actions of the particles of the sti 

p matual actions consist in al! cases of pain of equal and opj 

t, actions and their reactions. 

PEach particle of the body acts upon the next particle 
I body and is acted upon by it. The force which one 
rede composing the body under consideration applies to 
tdghbouring particle of the body is called an intemi 
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Since action and reaction are equal and opposite, ali 
internal forces may be grouped into pairs of equal atid opposiie 
forces in the same line of action. 

The force which an external particle applies to a partide 
composing the body is called an external force, 

[Cattesponding to each external foice there is a reaction whiob k 
Upplled to the cxtemHl body, but when we are not considering (be 
equilibrium of that eKtemal body we do nal need lo consider thil 

Now when the body is in equilibrium each particle of 
the body must be in equilibrium. 

Hence, considering the forces which act on any one 
particle, ihey must be such that 

(I) The sum of their resolutes in any chosen direction 
whatever is zero. 

(II) The sum of their moments about any chosen point 
whatever is zero. 

These two statements are true of the forces acting upon 
each particle. 

Therefore they are true of all the forces acting upon all 
the particles; that is, 

(I) The sum of the resolutes in any chosen direction 
whatever of all the forces internal and external which act 
on the particles of the body is zero. 

(11) The sum of the moments about any chosen point 
whatever in their plane of all the forces internal and 
external which act on the particles of the body is zero. 

But the internal forces always occur in pairs, each pjur 
consisting of hco equal and opposite forces (namely, an action 
and its reaction). 
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The above two statements (I) and (II) are true for each 
pair of forces taken separately. 

Therefore they are true for all the internal forces taken 
by themselves. 

And consequently they must be true for the external 
forces taken by themselves. Hence 

When a body acted on by any external forces 
In one plane is in equilibrium, 

(I) the sum of the resolutes In any chosen di- 
rection whatever of those external forces is zero, 

([ 1) the sum of the moments about any chosen 
point whatever in their plane of the external 
ftirces is zero. 

84, The above two statements are true of every body 
ich is in equilibrium. 

We shall presently prove that when they are true for 
■igid' body, that body must be in equilibrium. 

Example. A rod 4 feet long is placed on a smeelh horisoiilal table 
and is aited on by three parallel horizontal forces {P and Q\ one at eaih 
end, and K the third faree 1 tool from one end. Find conditions ofequi- 
, JUrium. 

Sace the sum of the cesolutcs in the directicn pnrallel to the forces 
at be zero, we have 

F+Q + S=o (i). 

Since the Gum of their momenCts about C must be ^ero, w<i have 

r^'^Qxi r; 

■■ 3~ ' 4 ■ 

p Thus if P=i\hi., then 0=tlb. and i? = 4 lbs. in ihe oppo 



■ tan 

i 
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85. Consider a rigid body, such as a lamina, which can 
only move on one plane; say that of the top of a table. 

For example, A thin piece of metal placed on the table and pre- 
vented from moving except along the surface of the table. 

Suppose now one point of the lamina to be fixed to the 
table; the only subsequent movement possible for the 
lamina is a turning about that fixed point as centre. 

And if then some other point is fixed to the table the 
lamina cannot move at all. 

Moreover if a body is rigidly fastened to the lamina 
this body is also incapable of motion ; hence, 

When a rigid body is at liberty to move only in some 
assigned plane, then the freedom which it has to move will 
be entirely taken away from it, provided we fix any two 
chosen points of the body which are in that plane. 

86. PROP, To prove that whatever forces in one plane 
may be acting upon a single rigid body, that rigid body may be 
kept from moving, by two external forces, which forces may be 
applied at any two chosen points in the body, provided the two 
forces have the proper magnitude and direction ; also, that the 
direction of one of the forces may be taken at right angles to the 
line joining the two chosen points. 

Since the forces act in one plane, the tendency to motion 
of the lamina will be only in that plane. 

Consider a lamina in the plane of the forces. 

A thin piece of metal or of card-board placed on a smooth horizontal 
table acted on by any system of horizontal forces in the plane of the 
table. 

Any assigned narticle A in the lamitva b^m^ oxv i\v^ 
^ ' tendency to motion can onVj \i^ \tv 
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one direction; and therefore by choosing tlie right force 
in the right direction, and applying it to the particle A, 
we can cause the paiticle A of the lamina to have no 
tendency to motion. 

Imagine a small hole in the card-board at A thiough which n pin's 
point passes an<] is fastened to the table. The card-boacd can press 
upon the pin in one direction only with a definite amount of force in 
that direction. This single force is sufhcicnt to keep the point A at 

The particles of the body are rigidly connected with 
the particle A and therefore the only motion possible for 
any other particle B is along the circle whose centre is A 
and radius AB. 

Hence, the only tendency to motion which any other 
particle B of the lamina can now have is in the direction 
perpendicular to AB. 

Therefore by applying to the particle B the proper 
force in the line perpendicular to AB we can cause the 
(larticle B to have no tendency to move. 

And since every particle of the body is rigidly con- 
I nected with B, the body cannot turn about A. The body 
is therefore incapable of any motion whatever, q. e. d. 

87, Suppose we consider a rigid body acted on by* 
■rfime assigned system of forces. I 

Let P, acting at some chosen point A, and Q, acting at 
some chosen point B, perpendicular to AB, be the forces 
Mcessary to keep the body in equilibrium. 

Now suppose the assigned system of forces removed 

fi replaced by two forces, one equal and opposite to P 

g at A, and the other equal and opposite to Q_ acting 
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The forces which must now be applied to the body to 
keep it in equilibrium are the same as before. 

Hence we say that the assigned system of forces is 
statically equivalent to two forces, one equal and 
opposite to P acting at A^ the other equal and opposite to 
Q acting at B. 

88. It is important that the student should clearly 
understand the meaning of the words statically eguwalent. 

If we were taking account of the internal forces in the 
body the effect of a system of external forces on a body, 
and the effect of forces which are statically equivalent to 
that system would be very different. They would set up 
different internal stresses between the particles of the body 
to which they are applied. 

89. DEK Two systems of forces are statically equi- 
valent, which, when applied in turn to the same single rigid 
body, can be counteracted (or the rigid body can be kept 
in equilibrium) by the same system of forces. 

Since we do not take account of the internal changes in a body due 
to the action of the forces, two systems of forces which are statically 
equivalent are also practically equivalent 

90. When we have found the simplest system of 
forces which is statically equivalent to an assigned system, 
the simplest system is often called the resultant of 
the assigned system. 

It must be noticed that this resultant is not strictly a resultant in the 
sense of the definition of Art. 22. It does not produce in a body the 
same effect as the system ; it sets up different internal forces. 
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I. PROP. A rigid body acted on liy any assigned 
tm of forces in one plane is in equilibrium provided 
I. the turn of the resolutes of the forces in 
r cbOBen direction Is zero, 

the sum of the resolutes of the forces 
1 a second chosen direction Is zero, 
III. the sum of the moments of the forces 
•out any chosen point Is zero. 
For the forces act upon a rigid body; therefore by 
;. 85 if Ihey are not in equilibrium they are statically 
tralent to two forces applied at two chosen points of 
t rigid body, and may therefore be replaced by these two 

I Hence these two forces must satisfy the above three 
iditioas. 

I ^ce I and II are satisfied the two forces must be 
jual, parallel and of opposite sense. That is they must 
flier form a couple, or, if they act at the same point, they 
ast be in equilibrium. 

But since III is sarisfied they cannot form a couple. 

Therefore tbey are in equilibrium. 

In other words any system of forces which satisfies 
I II, and III must be in equihbrium. 

92. We have now shewn {Art 91) that any system of 
IKS which act on a single rigid body and which sarisfy 
inditions I, II, III, are in equilibrium. We have also 
(oved (Art. 83) that every system of forces which acting 
\ a rigid body is in equilibrium must satisfy conditions 
I II, III. 

We proceed to apply these important results to 




CHAPTER VI. 

Parallel Forces. 



94. PROP. To find tilt conditwiis necessary for tla \ 
equilibr'mm of a rigid bod-\ when aded on by parallel for^ 



Let /",, P^, P^ ... be the parallel forces acting U] 
jid body. 
Take any point Q in the plane of the forces, and' 
QJV,/irjV^^. . . perpendicular to the forces /", , /■„ P^. 
their lines of action in yVj, JV^, JV^ ... respectively. 

By Art. 91, I, II, tbe sums of the resolutes of the fon^ 
P,, /*,, /"j ... in any two chosen directions must be zero. 
Choose the two directions parallel and perpendicular to 
^Ihe forces, then AtL gi, II, is satisfied, since the ri 
i each force in the direction perpendicular to itself 
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From Art 91, I, we have 

P,+/>, + P3+... = o (i), 

since the resolute of a force in its own direction is the force 
itself. 

Due regard being paid to the sense of each force. 
By Art. 91, III, the sum of the moments of the forces 
jPj, P^y P^y ... about any point must be zero. 
Take Q for the point, then 

P^y^QN^^-P^y.Q,N^^P^y.Q,N^^...^o ...(ii). 
Due regard being paid to the sense of each moment. 

These two conditions (i) and (ii) are the necessary and 
sufficient conditions that any number of parallel forces 
acting on a rigid body in one plane should be in equili- 
briwn. 

95. From Q draw a line in any direction cutting the 
lines of action of the forces m Ay B, C ... . 

Then ' G^-M.-G^.- 
^^^ QA~ QB~ QC 

Let the common value of these fractions be ky then 

QN^=k.QAy QN^^k.QBy QN^^ k . QCy QiCy 

whence substituting in (ii) and dividing by k 

P^x QA'hP^xQB-^P^xQC-^...=-o (ii). 

Hence in using Art. 91, III, in the case of parallel 
forces, we may write down * the equation of moments ' thus 

P.xQA-^ P^ X QB + P^xQC -^ ... = o, 

whether the line PABC be perpendicular to the line of 
action of the forces or not. 

That is, when we taJ^e the moments of a system of parallel forces 
about a point, the distances of the forces ma^ >ot Taaa&xa^ \^ -asK^ 
directio^ wbiQb may he convenient. 
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Example. When there are three parallel forces in equilibriunt, viz. 
Pt Q, and - R^ then if a line cut these forces in A, B, C respectively, 

PxAC=QxBC. 




Taking moments about any point X, we have 
PxAX-i'QxBX-RxCX=o, 
also P=P+Q, 

PxAX+Qx(BC+ CA +AX) - (P+ Q) (CA+AX)=o. 

.'. QxBC=PxAC. 

96. PROP. To find the resultant of two parallel 
forces. 

Let the forces be P lbs. and Q lbs. applied to a rigid 
body at points A and B respectively. 

Join AB. Let the force -^ be the anti-resultant of 
the forces P and C» so that the forces -P, Q, -R are in 
equilibrium. 

Since the resolutes of the forces P and Q in the direction 
perpendicular to them are both zero, the resolute oi -R 
in that direction must also be zero. 

That is, - ^ is parallel to -P and Q (I). 

Again, sinde the sum of the resolutes of these parallel 

forces in their own direction is zero ; 

.-. -^ + /'+C=o, 
or R^P-^Q. 

Therefore the resultant of two parallel foice^ is ^c^wal to 

their sum ^^V 



) C, then taking^^J 



PARALLEL FORCES. 

Let the line of action of - ^ cut AB 
moments about C, we have, as in Art. 94, 

-JPxo + /'kC^ + QxC// = o, 
or P*CA+Qy< CB 

Hence the point C in AB, through which the line of 
action of the resultant passes, is sucli that the moment of P 
about C is equal and opposite to the moment of Q about 
C (HI). 

97. First let /"and Q be like parallel forces [Fig. I.]. 

Then, in order that the moment of P about C may be 
(equal and) opposite to the moment of Q about C, it follows 
that C must be between A and B. 

I Also in this case, R (which equals the sum of the forces) 
is the numerical sum of P and Q. 




Next let /'and Q be unlike parallel forces [Fig. II.]. 
Then in order that the moment of P about C may be 
'i[equal and) opposite to the moment of Q_ about C, it follows 
that C must not be between A and B. 

Also, in this case R (which equals the sum of the forces) 
is nunurically equal to the difference between Q and P. 
Moreover, if Q is greater than P, then 

(since /•« CA^-Q^ CB), 
must be greater than CB. That is, of the three parallel 
trees P. Q,-Jf, the greatest \a a\wa'3»'V»«^:«*«^'*»fc 
"r«j- two. 
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98. PROP, If three forces acting on a rigid body are 
in equilibrium^ they must either be all parallel or must all 
intersect in the same point. 

Consider two of the forces ; they must either be parallel 
or they must meet iii a point. 

First^ suppose that two of the forces are parallel. 

The resolute of each of these forces in the direction 
perpendicular to itself is zera 

And by Art. 83 the sum of the resolutes of all three 
forces in this direction is zero. 

Therefore the resolute of the third force in the direction 
is zero. That is the third force is parallel to the other two. 

Next, suppose that two of the forces intersect in the 
point O, 

The moment of each of these forces about O is zero. 
And by Art. 83 the sum of the moments of all three forces 
about O is zero. 

Therefore the moment of the third force about O is zero. 

That is the third force passes through O^ the point of 
intersection of the other two. Q. e. d. 

Example i. A light rod 10 ft. long has weights of 21 lbs. and 49 lbs. 
fastened one at each end. A man wishes to carry them both ; where 
must he take hold of the rod and what weight will he lift ? 

Here, considering the equilibrium of the rod, we have two like parallel 
forces acting upon it. Their resultant is therefore equal to their sum. 

The man must therefore lift (21 + 49) lbs. = 70 lbs. 

Also if AB be the rod and C be the point at which the resultant 
acts (which is the point at which the man must take hold of the rod), 
we have AC+ CB^ 10 ft. 

and 21 X -<4C=49 ^ ^^> 

.'. 49-4C+49-ffC=49oft. 
.'. 49^C+2iyfC=49oft. 

and BC- 
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Example ii. l^wo men carry a weight of i cwt. slung on a light 
pole 14 ft. longf each holding one end of the pole ; if the weight be placed 
«/ a point 5 ft. from one end^ what weight does each man carry ? 

Consider the forces acting on the rod. 

In this case --^ is 112 lbs. downwards; P and Q are the forces 

applied by the men's hands to the rod; the weight of the rod itself is 

neglected. 

^Cis 5ft., ^C is 7 ft.; 

P-\-Q=JR=ii2\hs, upwards (i). 

Also Py^h = Qy^9 (ii), 

•*• 5/*+5^=ii2lbs.x 5 = 560 lbs. 

••• 9^ + 5^ = 560 lbs. 
.*. ^ = 40 lbs. 

and P=ii2 lbs.- Q= *J2 lbs. 

Example iii. Weights of 4 cwt., 5 cwt., 6 cwt., 7 cwt. are suspended 
from points ABCD of a horizontal rigid rod which are i foot apart ; 
find'^\iQXQ a single upward force ?nust be applied to the rod that it may 
^ in equilibrium. 




4 cwt. 6 cwf. 6 cuot. 7 cwt' 

The rod is light; therefore its weight is neglected. The only forces 
Acting on the rigid body, the rod, are the weights ; these weights are 
Vertical forces acting downwards. 

Since the sum of the resolved parts in any direction of a system 
^f forces in equilibrium is zero, we see, by considering the resolved 
parts in the vertical direction, that the upward force must 

= (4 + 5 + ^ + 7) cwt. = 22 cwt. 
By taking the sum of the moments about the point A of all the 
forces, we have, if OA contain x feet, as in Art. 95, 

4x0 + 5 X 1+6x2 + 7x3- 22 xjr=o, 
or x=^=i^it, = OA, 

JL S. 
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Example iv. A rigid rod 5 ft. long has a weight of 10 lbs. sus- 
pended at one end and is supported at a point 3 ft. from that end by the 
uprward pressure of a man^s shoulder; what force must be exerted by the 
man^s hand on the other end of the rod to keep it in equilibrium f 




15 lbs. 



Let A Che the rod, B the position of the man's shoulder. 

Let X lbs. be the vertical pressure upwards on the rod at B. 

Consider the equilibrium of the rod. 

Then since the forces of 10 lbs. and x lbs. are parallel, and the force 
of X lbs. is the resultant of two like parallel vertical forces acting down- 
wards, X lbs. = the sum of these forces. Therefore the other force is 
{10 -x) lbs.; hence 

By taking the sum of the moments about C of all the forces we have 
lox AC -XX BC+{x- io)xo=0| 
or lox 5-j;x2=o; 

Hence the required force, which is (x- 10) lbs., is (25 - 10) lbs., 

or 15 lbs. downwards. 



EXAMPLES. XIV. 

1. Find the resultant of two like parallel forces of 3 lbs. and 
2 lbs. acting at points 5 ft. apart. 

2. Find where a force must be applied to a rigid bar to 
keep it in equilibrium when acted on by two like parallel forces 
of 3 lbs. and 5 lbs. acting at points on the bar 4 ft. apart. 

3. Two men carry a weight of i cwt. by means of a light 
rigid rod 14 ft long, each having one end oi xKe xod otv his 

shoulder: find what each man carries wYveiv the -wev^x. \^ ^>\^- 
pendf^^ f'-^-yy s r- ' ' < (¥ ffoxn one end. 
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4. Two men carry a barrel weighing 8olbs. by means of a 
rigid pole loft. long, each supporting one end of the rod and 
the barrel is slung at a point on the rod 4ft. from one end: 
what weight does each man carry? 

5. A man carries two weights by means of a rod 13 ft. long 
supported by his shoulder; if the rod presses on his shoulder 
with a force of 36 lbs,, and the point of the rod on his shoulder 
's 4 ft, from one end ; what are the two weights? 

6. A man carries two buckets of water by means of a pole 
™hich he holds in his hand at a point three-fifths of its length 
from one end; if the total weight carried is 4olbs., how much 
■So the buckets weigh respectively? 

7. A rigid bar 4 ft. long is acted on by three like parallel 
forces of 3 lbs., and 3 lbs. at each end and one of 4 lbs. at the 
"diddle point; what force is necessary to maintain equilibrium? 

8. A rigid bar 4ft. long is acted on by equal like parallel 
forces of 4lbs. at each end, and by an unlike parallel force of 
S lbs. at a point 1 foot from one end ; find the force necessary 
'** maintain equilibrium. 

S. A man can just lift 112 lbs.; a rod 3ft. long which can 
'Urn about a fixed point has a weight fastened at a distance of 
' ft, from the fixed point; what is the greatest magnitude of the 
■"'eight if the man is to lift it by applying a lifting force to the 
■J^her end of the rod? 

10. A horiiontal rod 1 5 ft. long can turn about one extremity 
^hich is fixed ; a force of ro lbs. acts upwards at the other end 
^nd one of 20 lbs, is applied downwards at a point between; 
'led where the 20 lbs. is applied. 

U. Three like parallel forces of 5 lbs., 7 lbs. and gibs, act 
in lines whose distances apart are 3 ft. and 4 ft.; find their 
te suit ant. 

12. Two like parallel forces of J lbs. and 9 lbs. and an unlike 
jiarallel force of 7 lbs. are such that the line of action of the 
/lbs. is between the other and distant 3ft. from the former and 
-I ft. from the latter force ; find their resultant. 

13. Two men, one stronger than the other, have to remove 
.1 block of stone weighing 300 lbs. with a light pole whose 
length is 6 ft. ; the weaker man cannot carry more than 100 lbs. ; 
»here must the stone be fastened to the pole so as just lo allow 
him his full share of the weight? 
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14. Two men, one stronger than the other, have to remove 
a block of stone weighing 270 lbs. with a light pole whose length 
is 12 ft.; the stronger man is just able to carry 180 lbs. ; how 
must the stone be suspended from the pole so as to allow him 
his maximum weight? 

15. A light rigid bar 30 ft. long has suspended from its 
middle point a weight of 700 lbs., and rests on two walls 24 ft. 
apart, so that i foot of it projects over one of them ; a weight 
of 192 lbs. is suspended from a point 2 ft from the other end; 
what is the pressure borne by each of the walls ? 

16. A light plank 20 ft. long rests on the top of a wall ; at 
one end is a man weighing 12 J stone, at the other a boy weigh- 
ing 6^ stone, and 2 ft. from that end a basket of eggs weighing 
7 lbs. ; how much of the plank is on each side of the wall ? 

17. The resultant of two unlike parallel forces is 2 pounds 
and acts at distances 6 in. and 8 in. from them ; find the forces. 

18. A light rigid rod 10 ft. long can turn freely about a point 
4 ft from one end, at which end a weight of 210 lbs. is hung; if 
there is also a weight of 140 lbs. suspended at the middle point 
of the rod, what weight must be suspended at the other end to 
maintain equilibrium? 

19. A light rigid rod 12 ft. long turns freely about a point 
9 ft. from one end at which a weight of 100 lbs. is suspended ; 
at the middle point is suspended a weight of 50 lbs. ; what weight 
must be suspended from the other end to maintain equilibrium? 

20. A light rigid rod 20 ft. long is supported in a horizontal 
position on two posts 9 ft. apart, one post is 4 ft. from the end 
of the rod ; from the middle point of the rod a weight of 63 lbs. 
is suspended : find the pressures on the posts. 

21. Unlike parallel forces of 3 lbs. and 7 lbs. act at points of 
a bar 10 ft. apart; find the least length of the bar that it may 
be capable of being kept in equilibrium by a single force acting 
upon it. 

22. A rod 3 ft. long is suspended by two vertical strings one 
attached to each end of the rod ; two equal weights are sus- 
pended from the rod at points distant 9 in. and 21 in. respec- 
tjvelyfrom one end of the rod; find the greatest possible magni- 

tuc/e of the equal weights in order that ne\xVieT oi \!cl^ i<ixc^'Sk 
^^^rted by the strings may exceed 1 cwt. 
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23. If in Question 22 the rod is 2 ft. long and the distances 
of th^ points of suspension of the weights 4 in. and 16 in. respec- 
tivdy from one end of the rod ; find how great the equal weight 
may be if the strings will break under any force exceeding i cwt. 

24. Six like parallel forces of i lb., 2 lbs., 3 lbs., 4 lbs., 5 lbs., 
6 lbs. respectively are applied to a rigid rod at points one inch 
apart; find their resultant. 

25. Six like parallel forces of 7 lbs., 6 lbs., 5 lbs., 4 lbs., 
3 lbs., 2 lbs. are applied to a rigid rod at points i foot apart ; 
find their resultant. 

26. Weights of 3 lbs., 5 lbs. 7 lbs. and 9 lbs. are suspended 
from a light rigid rod 8 ft. long at points equally distant from 
each other; find where a force must be applied to the rod to 
support it 

27. Weights of 2, 4, 6, and 8 lbs. are suspended from a light 
rigid rod 12 ft. long at points equally distant from each other; 
find where the rod must be supported that it may be in equi- 
librium when horizontal. 

28. A light horizontal rigid rod 3 ft. long has a weight of 
15 cwt suspended from a point on it, and it is supported by 
four strings, which apply forces to it which are in the ratio of 
I : 2 : 4 : 8, and which are fastened to the rod at points each 
I foot apart ; where is the weight fastened, and what force does 
each string apply to the rod? 

29. If two unlike parallel forces of 70 lbs. and 3olbs. be 
altered to forces of 100 lbs. and 60 lbs. (the lines of action being 
unaltered), shew that the distance of the new resultant from the 
force 100 lbs. is double that of the old resultant from the same 
line (i.e. the line of action of the 70 lbs.). 

30. If two like parallel forces of 20 lbs. and 30 lbs. be 
changed to 40 lbs. and 10 lbs. respectively (the lines of action 
being unaltered), shew that the distance from the line of action 
of the 30 lbs. of the new resultant is double that of the first 
resultant 

31. A,BfC, D are points in a rigid rod i foot apart; forces 
of 7 lbs. and 9 lbs. act at A and C upwaxds, ^.tv^ iwc^'s* ^^ •vT^'s*. 
and 20 lbs. act at B and D downwards*, ^xv^ ^\vfcx^ -a. ^\w?Ss 

force applied to the rod can keep \t \n eaA\V\\ix\\\?Kv. 
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32. A^ By C, D are points in a light rigid rod AB=i ft, 
i?C=2ft., CZ?=3ft.; forces of 8 lbs., 6 lbs. and 4 lbs. are applied 
Sit A, B and D downwards, and an upward force of 20 lbs. is 
applied at C; find what force will keep the rod in equilibrium, 
and where it must be applied. 

33. A light rigid rod AE is divided in the points B, C, D 
so that AB : BC : CD : DE= i 13:5:7, and weights of i, 2 
3, 4 lbs. are placed at the points i?, C, Z), E, The rod is sup- 
ported in a horizontal position fastened at G ; prove that 

AG : GE=s • 3- 

34. A light rigid rod AE is divided in the points B, Cy D, E^ 

,, , AB BC CD DE EF , • ,,. r 
so that — = — = — = — = — , and weights of i, 2, 3, 4, 

5 lbs. are suspended from the points i?, C, D, E, F\ shew that 

if the proper upward force be applied at (7, where - = — , 

3 2 
the rod will be in equilibrium. 

35. A pair of nut-crackers is 5 inches long, and when a nut 
is placed | of an inch from the hinge a pressure of 3^ lbs. applied 
at the end will crack it ; what weight if simply placed on the 
top of the nut would crack it ? 




99- The resultant of a given system of parallel forces 
Acting on a rigid body in one plane is a parallel force in the 
Same plane equal in magnitude to the sum of the parallel 
forces. 

Suppose we have a systena of parallel forces in one 
plane of given magnitude applied to a rigid body, and sup- 
pose each force to h.'s^^ a fixed point of application; suppose 
also that the forces are capable of being turned each round 
its own fixed point of application so that they are always 
parallel to each other. 

Then their resultant (which is always equal to their sum 
and is always parallel to them) will be found to pass always 
through a certain fixed point. 

This fixed point is called the Centre of the Parallel 
Forces, 

We proceed to prove that Parallel Forces with fixed 
points of application have a fixed point for Centre. 

The student may notice that Ihe Centre of Parallel Forces 
with more accuracy be called 

The Cmtrc of I'u Points of Application of Paralld Ferets efg^n 






TOO. PROP. To prffve the existence of a Cmlre of 
Parallel Forces. 

Let PfP^ be the given magnitudes of two parallel forces 
applied to a rigid body at given points A and B. 



cu:.'- 






Tlieir resultant is parallel to /*, and P^ , and is equal in 
magnitude to /■, + P,, and its line of action cuts AB in a 
point C,, such that C^A >;/', + C^B xP^ = o. 

That is, C, is a fixed point; that is, it is independent of 
the direction of 'Cob. parallel forces P^, P^. 

Hence the parallel forces P^P, may be replaced by a 
single parallel force whose magnitude is P^ + P^ applied at 
the _^i;frf point C, . 

Let /"a be a third parallel force and let it be applied to 
the rigid body at the given fixed point D. 

Then we have two forces {P^ + P^ acting at C, , and P^ 
acting at D. 

As before their resultant is parallel and equal to 
{F, + /",) + P^ , 
and its line of action cuts C,Z> in a fixed point C,, such 
that C,C, x (/*, + /'.) + C^D K /-. = o. 

Hence the three parallel forces P,, P^, P^ may be re- 
placed by a single parallel force whose magnitude is 
(P^+P^-^P^ applied at the fixed point C,, and so on. 

loi, PROP. To find the Centre of a givett system of 
Parallel Forces. 

Let A^A^A, ... be the given fixed points at which the 
given parallel forces /",, P^, P^ ... are applied to a rigid 
«ff in one p]a.ne. 
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In the plane of the forces take any two lines OH^ OK 
mutually at right angles. 

Draw A^M^, ^^JI/j ... perpendicular to 6^^ and draw 
A^N^^ A^N^... perpendicular to OK. 

The resultant of the system is a force of magnitude 
(T'j + /*j + jP3+ ...) parallel to the system and it always 
passes through the Centre of the system. 

Let C be the centre of the system. 

Draw CM^ CN perpendicular to OH and OK re- 
spectively. 

First let the forces be all parallel to the line OH, 

Then since the force - {P^-\-P^-^P^^-.,.) acting through 
C is in equilibrium with the forces F^, P^, P^... acting at 
A^y A^i A^,,,yyfQ have, by taking moments about O, 

~(P,+P^-^P^ + .,.)y^OM+P,y.OM^-¥P^OM^+P^y^OM^+.., 

= o; 
P, X OM^ + Pa X OM^ + P^ X OM^ + ... 



0M= 



P+P. + P„+... 



Next let the system of forces be parallel to OK, then 

similarly, OJV= -^ >--^^ ^-^^-^^ -- - -»---. 

Thus the position of C is found. 
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Note. — The student must notice carefully that the 
position of the centre of a system of parallel forces depends 
(i) on their points of application, (ii) on their relative mag- 
nitudes; it does not depend on the direction in which they 
act. 

Moreover since it depends on their relative magnitudes, 
it follows that if each force were doubled or tripled... the 
position of the Centre of Parallel Forces would not be 
changed. 

Example, Three parallel forces ^3 lbs., 4 lbs., 5 lbs. act at the 
angular points A, B, C of a square ABCO whose side is 4 in.; find the 
Centre of these parallel forces 




M C 

Let X be the required centre; draw XM^ XN perpendicular to 
OCy OA respectively. 

Then, by Art. 10 1, 

^.^_ 3X4in. +4X4in. + 5xo in. 

3 + 4 + 5 

28 
= — in. = 2i in. 
12 

^.y_ 3Xoin.-i-4X4in. + 5X4in. 

3 + 4 + 5 

36. 
= ^^in. = qin. 
12 
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EXAMPLES. ZV. 



;n following systems of parallel 
4 lbs., s lbs., 6 lbs. acting at A, J, C in the 



ind the centre of the I 

1. Forces of 4 
iquare of p. 74. 

Forces of 6, 7, 3, 9 lbs. acting at A, B, C, on p. 74, 
Forces of 10, 10, 13 lbs. acting at fl, C, of a square 
|SCO, where AB=i-6 inches. 

Forces of 10, 10, 20 lbs. acting at A, B, C in an equi- 
leral triangle ABC, where AB— 10 inches. 

Four equal like parallel forces acting at the angular 
i of a given parallelogram. 

Three equal like parallel farces acting at the angular 
i of a given triangle. 

Three like parallel forces acting at the three angular 
3 of a given triangle, proportional respectively to the 
losite sides. 

8, Three equal parallel forces (not all like) acting at the 
e angular points of a given triangle. 

Three cijual parallel forces (not al! like) acting at the 
angular pomts of a given triangle, proportional respectively 
ft the opposite sides. 

Four equal like parallel forces acting at the angular 
ints of a given quadrilateral, 

;e the result of Question 10 to prove that the lines 
b>mg the middle points of opposite sides of a quadrilateral 

BCD is a parallelogram ; like parallel forces propor- 
I, 10, 14, 10 act at A, B, C, D respectively ; shew that 
k centre and resultant of the parallel forces will remain un- 
knged if, instead of these forces, the parallel forces 8, 72, 16,4 
i at the points of bisection of the sides AB, BC, CD, DA re- 
Tcdvely. 

ABCD is a square whose side is ^^ inches and E the 
action of its diagonals ; like forces proportional to 3, 8, 7, 6 
o act at the points A, B, C, D, E respectively ; prove that 
Je distances of their centre from AB and AD are 9 inches and 
b inches respectively. 
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Centre of Gravity. 

loj. We have said that/f^ce is applied to mass. There 
are three ways in which force may be applied to man, 
I. As a Fresaure. 
II. As a Tension, 
III. As an Attraction or repulsion. 

103. A force is called a preuure when it is so appUed 

that it causes the external particles of the mass to tend to 
compress the neighbouring particles of the mass closer 
together. 

Suppose, for example, we take a piece of stick, such as a penholder, 
axA press with two of our lingers one on e^h end of the slick in 
opposite directions. Then we are applying a force al each end of the 
stick; and these forces tend to compress the particles of ihe slick closet 
together. The particles an pressed closer Ir^ether in consequence of 
the action of the two forces and the particles of the stick are in a stale 
of strain. The amount of compression is however too small to be 
ohserved. 

T04. A force is called a tension when it is so applied 

to a mass that it causes the externa! particles of the mass to 
tend to e.x/end the neighbour'vng pmidcs of the 
-to occupy a larger space. 
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appose, for example, we take a piece of slick, or of thread, and ^^^ 
taking hold of each end with a finger and thumb, pull on the stick (or 
thread) in. opposite ditections with each hind. Then we are applying 
a force at each end of the stick; and these forces tend to extend the 
particles of the stick further apart. The particles are extended more 
widely in consequence of the action of the two forces; and the particles 
of the stick are in a state of strain. The amount of extension is how- 
ever too small to be observed. 

105. A force is called an attraction when there is a 
force acting upon each particle of tlie mass, which is quite 
independent of the internal actions and reactions of the 
neighbouring particles of the mass. 

Such a force is said to 3.ct from a dhtance because it is 
not communicated to each particle by the action of neigh- 
bouring particles. 

Such a force is the force Called weteht. Every particle of matter 
on the surface of the earth is attracted by the earth in such a. way 
that each of its particles is pulled towards the centre of the earth 
by a force which is proportional to its mass and inversely proportional 
to the square of its distance from the centre of the earth- 
Thus if the distance of a particle from the earth's centre is chsjigcd, 
its weight is changed. And since the shape of the earth is not exactly 
a sphere it follows that the weight of the same particle is different at 
different places on the earth's surface. .See Dynamirs, p. 38. 

106. It can be shewn that the weight of a given mass 
at the same point of the earth's surface is always the same. 
Hence we are justified in taking the weight of a pound at 
Greenwich as our unit Force in Statics. 

A certain pressure (or a certain tension) is said 10 be tqua! to the 
unit force [Art. 54] when it is such that if applied vertically t6 the 
mB&B I lb. under the action ol gravity (that is, the earth's attraction) 
it will keep it at rest. 

Note.— A/fixiHre, 3.kmion, a. weight axe not each odiflfcrenl kind 
a//er^fl each is a force [Dkf. Art. 6^, \im^ ".tic ma.«n« <A 'Cwai wj- 
pUoalitm la mass is different. 
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Weight. 

The centre of the earth is at so great a distance 
from its surface when compared with the greatest linear 
dimension of any mass upon which we can make any 
experiment that we may consider the weights of the particle 
of any mass to be parallel vertical forces, each force 
being proportional to the mass of the particle. 

The distance of the cenire of the earth i? about 4000 miles. A mass 
whose greatest dimension is a few yards is perhaps as large a mass as it 
k possible to consider or treat as a rigid bod;; hence in considering 
Che weights of the particles of a body to be parallel forces we are 
; neglecting an angle AOB when AB = say 10 yards and 
OA — ^oooK 1760 yards, that is we are neglecting an angle of less 
than ^ of a second. An angle of ^ of a second is as small an angle 
n possibly be observed with accuracy, even under the most favom- 
oble conditions. 

Consider now two particles A and B rigidly con- 
nected by a light straight rod 

The weights of these particles are two parallel vertical 
forces acting the one at A the other at B. 

These two forces are statically equivalent to a single 
force equal in magnitude to their sum, parallel and of 
like sense, acting at a point C between A and £ such 
that ACxt)\e force at ^ = BC ^ the force at B. [Art. 96.] 

Hence the two particles A and B when under the 
action of gravity may be kept in equilibrium by an upward 
vertical force acting at C whose magnitude is equal t 
the sum of the weights of the particles A and £, 

The point C is the centre of the parallel forces A j 
B, namely, the weight of the two particles. 
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109. Suppose then we fasten a light string to the rod 
at C and apply this upward vertical force to the rod, then 
the two particles will be in equilibrium under the action of 
this force and of their own weight, no matter what angle the 
line AB makes with the string. 

Hence the weights of the two particles A and B are 
statically equivalent to the weight of a single particle at C 
whose weight is equal to the sum of the weights of A and B. 

The point C is called the Centre of Gravity of the 
particles A and B. 

DEF. The Centre of Oravlty of a system of 
particles is the centre of the system of parallel forces which 
consists of the weights of the particles. 

110. When the system of particles is in the form of 
a rigid body the Centre of Gravity is a fixed point in or near 
the body; and an upward force applied at that fixed point 
is statically equivalent to the weights of all the particles for 
all positions of the body, hence 

111. The Centre of Gravity of a rigid body is a point 
such that when that point is supported, the body will be in 
equilibrium under the action of gravity in whatever position 
ihe body may be placed. 

The Centre of Gravity in many cases is not within the substance of 

the rigid body. It must of course in any case be rigidly connected with 

y the body for the purpose of the above statemeot. The student is re. 

o take, say a Windsor chair, and find its centre of gravity, 

Idly coDcecting it with the chair by a system of fine wires. 

113. Consider a solid body; it occupies space. The 
loiint of space whicli it occupies is called its TOlutne. 
It consists of matter. 

The amount of matter of which it consists is called its 3 
nass of a body is proportional to its weight. 



113. DEF. The average density of a solid body 
is that which varies directly as the mass of the body and 
inversely as the volume. 

Thus, suppose we have two bodies of equal volume, one of which 
has double the mass (and thErefore double the weight) of the other, 
theo the density of the first body is double the density of the other. 

Or again, suppose we have two bodies of equal mass (and therefore 
of equal weight) one of which has doable the volume of the other, 
then the density of the first body is half the density of the other. 

T14. In order to measure the densities of different 
bodies we must select some substance whose density shall 
be our standard or unit density. 

The substance usually selected is pure water at a temperature of 
4 d^ees centigrade, at which temperature pure water has its greatest 
density. 

The average density of any given body is the ratio of its 
weight to the weight of an equal volume of the standard 
substance. 

1 1 s. DEF. A body is said to be of uniform density 
when the average density of any portion of it however small 
is the same as the average density of the whole. 

1 16. The weight of any portion of a body of uniform 
density is proportional Co its volume. 

For, the mass of a body is proportional to its volume and its density; 
therefore when the density is uniform the mass is proportional tu the 
volume, and its mass is proiiortiona! to its weight. 

117. A unlfbrm rod is a straight rod made of material 
of uniform density and whose breadth and thickness are the 
same at every point of its length. 
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PROP. The Centre of Gravity of a uniform r 
[r at its miidk point. 



Let AB be a uniform rod, let C be its middle point 
Since the rod is uniform the rod is symmetrical about 
that is, corresponding to any particle E of the rod 
etween C and A there is an exactly equal particle F 
between C and B such that CE = CF. 

The centre of gravity of every pair of such particles 
^at C. 

Hence the centre of gravity of all the particles of the 
d is at C. 



Hence the weight of an uniform rod is statically 
uivalent to a single force acting vertically downwards at 
p niiddle point C, whose magnitude is equal to the sum 
tthe weight of all the particles of the rod. 

I Example. Jt uni/arm rs/i Ah ^ {\. lon^ weigAs j \bs.i al lAe point 
a /hm of 3 lbs. is applUd to tkt rod in a vertical direction down- 
ii; shew haw to apply a force to the rod ivhich will kup it in equi- 

I Let C be the middle point of the rod. The rod being imifonn its 
ight is equivalent to a force of 3 lbs, acting vertically downwards at C. 
Hence we have to find a force and its point of application such 
IS in equilibrium with the two parallel forces of 3 lbs., eiLcb 
acting at A and C respectively. 

kThe requited force ia the anti- resultant of the two like parallel 
w of 3 lbs. each. It is therefore a force of 6 lbs. acting verlicnll)' 
iirds at the middle point of AC. 
L.S, 6 
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[za The forces which occur in nature are applied to 
k bodies either at a portion of their surface or at a part of 
their volume (as in the case of weight). 

Consider a pressure applied to a portion of the surface of 
a body, such as the cube in the figure. We may look upon 
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I it as a solid bundle of minute forces whose lines of action 
form a cylinder. Suppose these forces all symmetrical 
about a certain plane, say the plane ELCO. Then if we 
select any minute force on one side of the plane, there is 
an exactly symmetrical equal force on the other side of the 
plane, and their resultant will act in the plane. 

Hence, the whole bundle of forces will be equivalent to 
a series of forces acting in the plane about which they are 
symmetrical. This system of forces will have a resultant 
acting in this plane ; and it is this resultant of a bundle of 
forces which is the /oree of Statics and which has /nu-j 
action und/oir/tof application. 
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Such a force as the theoretical Hnear force of statics do^ 
not exist in nature, but it is a convenient representation of 
the cylindrical or conical or solid force of nature. 

I a I. In practical problems the various forces (viz. 

tipressures, tensions, weights) which act on a body are in very 

" many cases all symmelrkal about the same plane; in such 

cases the corresponding theoretical linear forces are all in 

the same plane. 

These symmetrical problems form the very numerous 
class of problems which can be solved by the consideration 
Qi forces in one plane, 

/llus/ratian.—SoppoiE MPQN. RUTS represent a cubical block of 
Elone; suppose it to rest on a horizontal plane. The forces acting on 

First, its -wiight: this farce is applied to each particle of the stone; 
we therefore consider the weight to he a multitude of very small forces 
all parallel and symmetrical about the plane EOCL; for la each 
particle on one side of this plane there is an equal particle similarly 
placed on the other side of this plane. Therefore the weight considered 
as the resultant of ihi^ multitude of pardlel forces, acts in the plane 
EOCL. 

Next, the pressure of the plane on RUTS, the base of the stone. 

This is applied to the surface of the stone, and is one part of the stress 

et op between the stone and the plane. If the plane and the stone he 

E Mifect planes the pressure will be unifirmly distributed over the atr. 

' ee. Thus we have a multitude of vertical forces upwards, forming if 

e represent their magnitudes by tinite straight lines, a portion of a 

F-KUd vertical cylinder. It is the theoretical resultant of this solid 

KJiTlbder of force which is the linear force of Statics called the preasnie 

HI the plane. 

^ex/, suppose we apply a/arce/^ to the stone in any direction. This 
X would practically be applied to part of the sur/aci of the cube, but 
It applied symmetrically about the plane, may be represented by a 
" ir force in l/ie plant OGLE. 

And K> on, for niher forces applied to the cube, whether l>y means of 
li or strings or whether caused by the pressure of other solid bodies. 
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olbs. 

2. A uniform rod weighing 5 lbs. has weights of 3 lbs. and 
5 lbs, fastened to its eMremities ; where must an upward force 
be applied to the rod which will support it? 

A ladder 22 ft. long and weighing 44 lbs, has its centre of 
I gravity 10ft. from one end; if it is carried by two men lifting 
"' It each end, what weight do they each Uft? 

4. A pole 4x1 ft. long weighing 2a lbs. has its centre of 
gravity 16 ft. from one end ; it is carried by two men, one of 

' whom lifts it at its heavier end; where must the other lift it 
I that he may support an equal weight with the first man? 

5. A ladder 50 ft. long and weighing 100 lbs. is carried by 
vo men, one lifts it at one end and the other at a point 2 ft. 

J from one end ; the first carries two-thirds of the weight which 
I the second cames ; where is the centre of gravity of the ladder? 

6. A pole 8 ft. long weighing 10 lbs. has weights of 8 lbs. 
and 4 lbs. fastened one to each of its ends ; the centre of gravity 

I of the whole is at the middle of the rod : where is the centre of 
I gravity of the pole? 

..A pole 10 ft. long weighing 20 lbs. has a weight of 12 lbs. 
fastened to one end ; the centre of gravity of the whole is 4 ft 
' from that end : where is the centre of gravity of the pole? 

8. A pole weighing 30 lbs. is 12 ft. long, and its centre of 
gravity is 4 ft. from one end ; if the pole is supported at its 
middle point, find where a weight of 10 lbs. must be fastened to 
it that it may be in equilibrium. 

9. A pole 6 ft. long is found to balance about a point 2 ft. 
from one end ; when a weight of i lb. is fastened to that end, 
and a weight of 3 lbs, is fastened to the other end, the pole is 
found to balance about its middle point: find the weight of the 

10. A ladder 20ft. long has its centre of gravity at a point 
8 ft. from one end ; when a weight of 10 lbs. is fastened to that 
end and a weight of 20 lbs. to the other end, it is found to 
balance about a point 8 ft. from this other end ; find the weight 
of the ladder. 
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11. Four weights of 7 lbs,, 1 lb., 3 lbs. and 5 lbs. respectively 
are placed a foot apart on a uniform rod 3 ft. long weighing 
8 lbs. ; find the point on which the rod will balance. 

12. Four weights i lb., 4 lbs., s lbs. and 3 lbs. respectively 
are placed 2 ft. apart on a rod 6 ft. long weighing 3 lbs. whose 
centre of gravity is 2 ft. fi-om the end at which is the 1 lb, weight ; 
find the centre of gravity of the whole. 

13. Weights of 3 lbs., 5 lbs., 7 lbs., 9 lbs. are fastened to a 
6 ft long at intervals of 2 ft. ; the rod weighs 24 lbs. and 
centre of gravity of the whole system is at the middle point 

the rod; where is the centre of gravity of the rod? 
. _. A imiform bar is iS inches long, weighs 3 lbs. and can 
turn about a fixed point 3 in. from one extremity ; what weight 
must be fastened to this extremity that the bar may be in equi- 
librium, when a weight of 2 lbs. is fastened to the other 
enremity? 

15, A uniform rod OA 12 inches long is suspended by two 
vertical strings attached to the rod at O and A ; weights of 
" lbs, and 7 lbs. are fastened to the rod at points distant i inch 
O and 2 inches from A respectively ; if the strings break 
subjected to a strain of more than 7 lbs., find the greatest 
ight the rod can have without breaking either of the strings. 

niform rod 2 ft. long is suspended by two vertical 

ings attached to the end of the rod ; weights of 7 lbs. and 

are attached to the rod at points distant 4 in. from the 

If the strings break if subjected to a strain of more 

J 10 lbs. find the greatest weight the rod can have. 

A uniform beam weighing 700 lbs. and 30 ft. long rests 
on two walls 24 ft. apart so that 1 foot of it projects over one of 
them ; a man weighing 192 lbs. stands 2 ft. from the other end; 
find ihe pressure on each of the walls. 

18. A uniform plank 20 ft. long weighing 14 lbs. rests on the 
of a wall; al one end is a man weighing 168 lbs., at the other 

„ jy weighing 98 lbs., and two feet from that end a weight of 
_i]bs., the whole balances : how much of the plank is on each 
aide of the wall ? 

19. Two weights of 12 lbs. and 2 lbs, hanging from the ex- 
tremities of a uniform rod 3 ft. long which can turn about a fixed 
point, keep it at rest ; if each weight is increased by 1 lb. the 
fixed point roust be moved three-eighths of an inch nearer the 
less weight; find the weight of the rod. 
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A uniform iever 15 ft. long has its fulcrum at one end; 
La force of 30 !bs. acts upwards at the other end, and one of 
I 20 lbs. is applied dovmwards at a point between; the lever is 
Ithen in equilibrium ; if the lever were without weight it would 
'q equilibrium if the points of application of the two forces 
: interchanged : what is its weight? 

il. A uniform bar 7^ ft. long weighing 17 lb. rests on a 
f horiiontal table with one end projecting 2% ft. over the edge ; 
find the greatest weight that can be hung at this end without 
making the beam topple over. 

22, A uniform bar 8 ft. long rests with one end on a hoii- 
zontal table ; a weight of 10 lbs. is placed on that end ; it is found 
that when the bar projects 6^ ft- over the edge it is on the point 
of toppling over; what is the weight of the Bar? 

23, A uniform bar weighing 20 lbs. rests with one end on a 
horizontal table ; a weight of 6 lbs. is placed on that end and a 
weight of 4 lbs. is placed on the end which projects over the 
edge ; when the bar projects 8 ft. over the edge it is on the point 
of toppUng over : what is its length ? 

24, If s cubic inches of silver weigh as much as 21 cubic 
inches of glass, and silver is 10-5 times as dense as pure water, 
shew that the density of the glass is 25. 

25, The radii of two spheres are 2 inches and 3 inches and 
their weights 8 lbs. and 10 lbs. respectively ; shew that the ratio 
of their densities is 27 to 10. 

26, A cubic foot of oak weighs 100 times as much as a 
cubic inch of tnetal> shew that their densities are as i ; i/'aB. 

27, A lump of matter whose density is -865 weighs 432-5 
grains ; and an equal volume of different stuff weighs 9 grains 
less ; shew that the density of the latter is '847. 




A material lamina has thickness. 



Consider, however, a geometrical plane; and suppose 
that on each side of this plane, material of some kind (iron, 
or wood, or cardboard ...) is symmetrically arranged. 
(Fonning a sheet of iron, or a board, or a card ....) 
Then the centre of gravity of the body so formed must 
lie in the geometrical plane about which it is symmetricaJ. 
This follows as in An. no. 

When the thickness of the substance on each side of 
I the geometrical plane is small, then we have a body which 
(■we call a lamina. 

When the substance is spread uniformly over the plane 
I then we have a uniform lamina. 

When we speak of the centre of gravity of a triangle, a circle, 
Wli quadrilateral, we mean the centie of gravity of aunifono lamina whose 
V iwandaty is a triangle, a circle, oi a quadiilateral, etc. 

When a uniform lamina is symmetrical about a poinl, 
I that point must be its Centre of Gravity, 

For example ; the c. g. of a Circle is its centre. The c. g. of a rect- 
■Bgte is its middle point. 

If the substance is not uniformly spread over the plane, 
fet if it is spread symmetrically, the centre of gravity c 

>dy BO formed must lie in the plane under consideratior 
B such a case we have a lamina which is not uniform. » 
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IZ3. PROP. To find the Cencre of Gravity ( 
miform triangular lamina. 
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Consider Ehe lamina ABC to be made up of a series 
F of very thin parallel rods such as PQ, each parallel to one of 
the sides £C of the trianglej and formed by sections of the 
triangle made parallel to the side BC. 

Since the lamina is uniform, each rod will be uniform. 
Therefore the c.c. of each rod will be at its middle 
point [Art. ii8.] 

Hence, the weight of each rod may be considered to be 
condensed at its middle point 

Now bisect PC in £> and join AD cutting PQ in F; 
then An bisects PQ in If. 

For, by Ihe similar triangles ^BC, AHQ 
DC : HQ=DA : HA, 
and by the similar triangles ABB, APH 

BD : PH=DA ! HA; 
therefore DC : HQ^BD -. PH. 
Therefore the c.G. of each rod making up the lami 
lies in the line AD. 

But the Centre of a series of parallel forces whose point* 
of application are in a straight line, heb also in that straight 
line /Art. iioj. 

Therefore the C. G. of the whole Vamitia \s aX sotae -^qtoN. 
on the line AI?. 
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In a similar manner it can be shewn that the c.c. of the 
lamina is at some point on the line joining the point C to 
F, the middle point of the line AB. 

Therefore the Centre of Gravity of the lamina must be 
at G, the point of intersection of the lines AD, CF. 

124. PROP. To prove that the c.G. of a uniform tri- 
angular lamina cuts the line joining an angular point to the 
middle point of the base, in the ratio 2 to i. 
Let ABC be the triangle. 
Bisect BC, AB in B and F; 
join FD ; 

join AD, CF intersecting in G. 
Then, by Art. 123, G is the c.G. 1 
the lamina. 
Now, since 

AF : FB = CD : DB, " 

.-. FD is parallel to^C, 

and .■. ACB, FDB are similar triangles 

.-. AC : FD = AB : FB = 2 : i. 

Also, since AGC, DGF^k similar triangles, 

AG : GD ^ AC : FD 

.-. AG = twice GD, 
and AD = thrice GD. 
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NoTK.^ — The c.G. of a triangular lamina coincides with those of 
lhr« equal particles placed one at each of its angular points. 

For the C.G. of two equal particles of weight M' placed at £ and C 
respectively, \%a.l D; we may therefore replace these two particles by I 

■ aptrtjcle vf weight aWal D. '^j 

^B The CO, ofilVsttn&n'i /fat A kat G wWtn AG = iGD. ^^fl 



125. PROP- Having given the weight and c.g. of 

iy, and also the weight and c.g. of a portion of the san 

I body, to find the CG. of the remaining portion. 
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Let G be ihe C.G. of the given body and IV its weight. 
Let G, be the CG. of the given portion and iV^ its 
I weight 

If G, be the required c. G. of the remainder and W^ its 
r weight, 

then W^ = W- W,. 
Also G is the centre of the two parallel forces W^, 
I applied at the points G^^ G,; 

. G„ G, G, are points in a straight line, 
and GG, ^ JV, = G,G ^ JV, ; 



.-. GG-- 



W- W, 



■.G,G. 



Hence G, is found by producing G,G si distance g 
Ihe above equation. 

126, A heavy body is suspended from a fixed body by a 
ng; prme that the direction of the string must be vertic^ 
d must pass through the Centre of Gravity of the body. 
The weight of the body is equivalent to a single vertical 

f Tee acfji!;^ vertically downwards and applied to the I 

1 its centre of gravity. 



ztrttcai 

7dy. 

vertical J 
le t^^^ 
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The only other force acting on the body is the tension 
of the string. 

Therefore these two forces, the weight and the tension, 
must be equal, opposite, and in the same line of action. 
But the tension acts in the direction of the string. 
Therefore the direction of the string must be in the same 
line as that in which the weight acts. q. e. d. 

127. To find the Centre of Gravity of a number of 
heavy bodies whose weight is known, and the position of 
whose Centre of Gravity is given, we proceed as in Art 100 
or as in Art. loi. 

For the weight of a heavy body is a force acting in a 
fixed direction, viz. vertically downwards, and it is applied at 
the Centre of Gravity of the body. 

Thus the problem is the same as that of finding the 
position of the centre of a given system of like Parallel 
r.Forces having given points of application. 

Examplt i. Tht angular points of out triangular piice of cardboard 
so placed that each is at the middk point of em of the sidn af cutalhir^ 
I of cardboard. Shew that their c.G.s are mperpos 
J Thelinejoiningtlleiniddle points 
■ two sides of a tria.ng1e is parallel 
the third side of the triangle and 
r» bisected by the line joining the 
I -niddle point of the third side to the 
I ^posite angular point. 

Hence if DEF be the middle 
Ipirints of the sides BC, CA, AB 
Lllien the line AD contains the c.g. 
P«f the triangle ABC and also of " 
ft tbe triangle DEF. 

For AD bisects BC and F.F. 
Similarly BE contains both Centre? of Gravity. 
; Ifte Centre of Gravity of each liiaw^Xe vs a.^. On*. y^'-W, <& 
uofA/iAndiiE. 




i 



Examplt ii. ABC is a triangk and E, F are the miiiilli feinls ^l 
tlu iidis AC, K&\find Ike c.g. of the qimdrilal^al CBFE. 




\ 



The trimgle AEF is one- fourth of the Iriaoele ABC. 
Let D' be the middle point of EF md C the c.g. of the ti 
AEF; then J, C, D, ff, ^ are in the same straight line. 

Let G" be the C.G. required. It is in the line GG' [Art. 115]. 
Now DG=\DA; 

D'G^\iyA = \DA. 
Let fFbe the weight of the triangle ^flC. 
Then iffis the weight of the triiogle .4/"£; 
hence a force of jW acting upwards at G" and a force of JW 
ipwards at C' are io equilibciutn with D force If acting down- 
irds at G ; 
hence taking moments about D, we have 

\W-^DG"-^\W^DG-W-^DG=<>% 
:. IlG'=i{DG-iDG'] 

= mDA-HiOA + iDA)) 

= \DA. 
Thus £1(7" is tfo-tbink of DG. 



Z 
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Example iii. An isiucdes triangular board ABC is suspended n 
''^^•■Tiily from B and C Ike angular points of the base; shew thai the It 
f°^ums whiek the iase successively occupies ■will be perpendicular to ea 
"^er, provided the base of the triangle is tivo-thirds of its altitude. 




Let the figures represent the two positions of the board. 

EF are the middle points ol AC and AB; G is the c. G. 

Now BE must be vertical when the triangle is suspended at 3; 
for the onl^ forces acting on the triangle are (i) its weight which may 
be considered to he concentrated at G and acts vertically downwards, 
and (ii) the action of the constraint at B. This action must be equal, 
opposite, and in the same line as the weight; /. BG in the left-hand 
figure is vertical. 

When the triangle is suspended at C, as in the figure on the right 
hand, we may shew similarly that then CJ- is vertical. 

Suppose the triangle turned about G from its first position into its 
second; then, considering one figure only, the line C^is turned until it 
comes into the position BE. 

The line CB will be turned about the same angle. But we have 
from the mechanical data of the problem that the angle through which 
CB turns is a right angle. 

Therefore the angle CGB is a right angle. 

Join AGD. Then AGD bisects CB at right angles. 

And since CGB is a right angle, a circle described about CGB will 
have its centre at D. 

.: £>G=I}B. but DG=\DA, .: DB=\l)A. 
' nerefore JtCis two-thirds of DA. 



r 
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23. The c.G. of the two complements which are about the 
diagonal of any parallelogram is in that diagonal. 

2i. ABC is a triangle, Z? is a fixed point in SC; a triangle 
FBC is cut away whose vertex P is in AD\ prove that what- 
ever be the position of P the C.G. of the remainder lies on a 
fixed straight line. 

25. If there are two triangles on the same base and between 
the sajne parallels, prove that the distance between their ci 
of gravity is one-third the distance between their v — '■ — 



26. Find the centre of gravity of four equal heavy particles 
in one plane ; thence shew that the lines bisecting pairs of 
opposite sides of any quadrilateral bisect each other. 

27. A triangular lamina is hung up by one of its angular 
points and when in equilibrium the opposite side is horizontal; 
prove that the triangle is isosceles. 

28. Find the angles of an isosceles triangle when the angle 
between the two positions of the base, the triangle having been 
suspended freely from each of the equal angles in turn, is a right 

29. Find the tangent of the angle between the positions of 
the base when a right-angled isosceles triangle is suspended 
(1) from the right angle, (2) from one of the equal angles. 

30. Two uniform rods OA, OB of equal weight whose 
lengths are a and b are rigidly connected at O so that AOB 
is a right angle; they are hung up by a string attached to O, 
prove that if 6 be the inclination of OA to the horizon, then 



31. Two uniform rods OA and OB of equal length, whose 
weights are in the ratio of tn to n, are rigidly connected at O, 
so that A OB is a right angle ; prove that, if they are suspended 
by a string attached at O, and if 6 be the inclination of OA to 



32. Shew that the centre of gravity of a plane quadrilateral 
does not coincide with that of four eQAwi ^a.rt\clca placed " '" 
lingular point except the quadrilateia.! te a ^ivsKvAii^jsoti. 



J 
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33. Shew by the method of Art. 122 that the centre of 
gravity of a lamina in the form of a parallelogram is at the 
point of intersection of the diagonals. 

34. Prove the following construction for finding the c. G. of 
three equal weights at the points A^B^ C\ bisect BC in D and 
divide AD in G so that AG=2GD\ G is the required c.G. 

36. The C. G. of three particles placed one at each of the 
angular points A^ B, C of a triangle such that the weight of 
each is proportional to the opposite side^ is at the centre of the 
circle inscribed in the triangle. 

36. The C.G. of three uniform rods forming a triangle 
A^ Bj C is at the centre of the inscribed circle of the triangle 
formed by joining the middle points of the sides of the triangle 
ABC. 



L.S. 



CHAPTER X. 

Bodies on a Horizontal Plane. 



iz8. When a body stands on a plane, its bt 
3. enclosed on the plane by a string drawn tig! 

I all the points in which the body touches the plane. 

PROP. A rigid body under the action of gravity only, 

I standing oh a horizontal plane is in equilibrium provided the 

[ vertical line through its centre of gravity cuts the plane ai 

I some point within its base. 

The proof of the above general proposition involves the consideiadm 
[ of parallel forces ttol all in the same pla.ne and therefore cannot be fnU; 
treated here. Its truth depends on the following. 

I. When a ngid hoiy rests on a horiiontal plane the plane is sup- 
posed rigid also, and therefore capable of applying to the body at any 
point of its contact the vertical force upwards that may be necessary to 

I maintain equilibrium. 
\ II. The line of action of the resultant of any number of like veiticd, 
K forces applied to the rigid body cuts the horizontal plane at a pinnt 
r tatAirn the base ; and by properly arranging the magnitudes of tho 
' Vertical forces, the line of action of t^e icsmIUaA ma-j \ie 
tbe plane at any chosen point wilbin the base. 
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g the above we can prove the proposition. For the weight 
' any body is equivalent to a single force downwards. 

If the line q\ action of this vertical force downwEuiis cuts the plane 
^'iikin ihe base, the upward vertii.'al actions of the plane on the body 
*ill be so arranged that the line of action of their resultant coincides 
^th that of the weight of the body and the magnitude of this resultant 
«ill just equal the weight of the body. Therefore the forces acting on 
the body will he in equilibrium. 

If the line of action of the weight cuts the plane outside the base, 
then the npward actions of the plane on the body cannot be so arranged 
Ihat the line of action of their resultant shall coincide with that of the 
weight of the body ; in this case the forces acting on the body cannot 
be in equilibrium and the body will 'toppU over.' 

When a rigiti body and the forces acting upon it 
are'symmetrical about a vertical plane, the problem of its 
stability may be treated as if its hiS,^ were a straight line ; 
viz. the straight line in which this vertical plane cuts the 
e of the rigid body. Compare Art 120. 

129. When the base of the body is a line AB then 

The actions of the rigid plane on the rigid base are 
feposed to apply to the body at points between A and B 
^usive any force that may be necessary to maintain 
piilibrinm. 
Hence we may, if necessary, consider any force whatever 
to be applied to the body vertically upwards at A and 
anjr other force Q at £. 

II. The resultant of two like forces P and Q sA A and 

7? is a like force {=P+ 0, acting upwards at some point 

between A and B [Art. 97]; moreover by properly ar- I 

_ ranging the magnitudes of P and Q this resultant may be ^1 

liBKf^ to act at any point betwtteu A 3.u<ii B. ^^| 

K 11 Ji 



Thus if the weight of the body cuts AB in any point 
between A and B the actions of the plane on the body 
(by II.) can be, and therefore {by I.) will be, in equilibrium. 
But if the weight cuts the line AB produced these forces 
(by II.) cannot be in equilibrium. 



Stable and Unstable Equilibrium. 
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130. When a body, which is acted on by forces w 
n equilibrium, is slightly displaced from its position, one 
of three things must happen to it. 

'.. Either, the forces acting on it in its new position 
are such that they are twt in equilibrium, but have a result- 
ant which tends to restore the body to its original position. 
In this case the original position of the body is said to 
me of stable equilibrium for that displacement. 

II. Or, the forces acting on the body in its new posi- 
tion are such that they are not in equilibrium, but have a 
resultant which tends to make the body move further from 
its original position. 

In this case the original position of the body is said to 
be one of unstable equilibrium for that displacement 

[II. Or, the forces acting on the body in its new posi- 
tion are in equilibrium. 

In this cRse the original position of Ae body is sai 
^ one of neutral equilibrium for liial iv?.^\acam.ea\... 
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■ IIluslTolion. — Take a sphere of a hard substance (a wooden ball 
\vill do), place it in a large bowl; it will come to rest at the lowest 
point; and if it be sligfllly displaced in any direction it will tend to re- 
turn to its position : such a position is one of stable equilibrium. 

Now put the same sphere on the highest point of another sphere 
(on the highest point of an inverted bowl) ; it is theoretically in a posi- 
tion of equilibrium ; but if it be displaced ever so slightly it will tend to 
go farther from the position of equilibrium ; such a position is one of 
unstable equilibrium. 

Now put the same sphere on a horizontal plane ; then wherever it 
be placed it will be in a position of equilibrium; and if it be slightly 
displnced it will still be in a position of equilibrium, and will have no 
tendency to go further away from or to return to its original position; 
*ncll a position Is one of niulral equilibrium. 

Example i. An obttae-angled triangle ABC is placed arilA its plane 
vertical and kepi lo, ivilk its shortest side BC resting en 
plane ; jind the conditicn that it shall not tumble enir. 
Since the plane of the triangle is constrained lo re 
only way in which the triangle can tumble over is in il 



horizontal 



I 




Let 5' be the obtuse angle, E the middle point of AC, ' 
of gravity. 

The vertical Ihroogh the c.G. will C 
the angle EBC is obtuse. 

.-. the angle SBC must not O 
Egiii/Hf conihloa. 
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Mxample ii. A round board ABC weighing ten pounds is made inb> 
a table by kiaiiHg three equal legs (0/ no lueight) fastened la it at right 
angles, at points K, B, C(« its circumference equidistant from each other; 
the table is placed en a smooth horizontal plane ; find the least iiieighl 
which placed on the top of the table can cause it to tumble aver. 

The legs of the table toucli Lhe plane in three poinls vertically 
(mder ABC; therefore the base on which the table stands is the triangle 
vertically under ABC. 

Draw COED through the centre bisecting AB at right angles in E. 
Then E is one of the nearest points in the boundary of the base to 



Let a weight Whe placed on the table and let G be the Centre of 
iGiavily of the lable and IV together ; then the conditJon that the 
•hould tumble over is that G shall be outside the triangle ABC. 




r"T 



t<^j 



The Further from we place W, the further is G from O. 

,-. G is furthest from when fTis on Hie edge of the lable. 

Hencethei!;ai;magnitudeof;Cwhich will bring Con the boundary 
of the triangle, is when Wis at D and C at E. 

Now OE=iOC^iOD=DB. 

.: when G is at E. then fr=io lbs. 
Mence, when IV exceeds folbs. tlie U'b\e "«\\\ (.umUe Qset if W is 
nrerf at Z). 
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Let G be the pwiit in tdiicli tbe Tcrlical line diroogli tbe C 
GraTit; of the stool aad body (c^etbei cats [he plane, 
I Then, three puallel vertical forces applied at the poiDEs A 

^^■i nptmrds, and the wei^U If (of the bod; and stool logeriier) i 
^^hTenicidlr downwaids thion^ G, aie the only exleinal fones (Klii^ on 
^^^Uhe stool. 

^^H These paralle! fotcK are therefote in eqnilibHum. 
' Join AG and produce M to cnt BC in D. 

Let Fi, Pf /*, be the preraures acting at A, B, C. 

The restdtant of /", and /", most be eqnal and opposite and must 
Iherefoie cut the plane ABC in the same point as the rcsullanl of /*, 
and G. 

Tbe line of action of the Rrst of these resultants cuts the pl.ina 
^^_. comewhcre in the line BCt the line of action of tbe second resultant 
^^L«nt9 the plane somewhere in the line AG \ 

^^Bsnd, since ihef mast each cut tbe plane in the sami point, thai gxiint 
^^Kniust be i7. 

^H Therefore we have W=P^ + P^-\-P, , 

^H P-^:IV^DG:DA (U), 

^H P^:P, = DC:nB {iiil. 

^^^ These equations give Pi, P^. /*, when G, A, B, C ud H'jj 
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;hC-angted 

in contact | 



1. A flat board ^^C in the shape of a triangle right-a 
at A stands with its plane vertical and its side AC in cc 
with a horizontal plane; D is the middle point of AC; if the 
triangular portion ABD be cut away, shew that the remainder 
will be just on the point of falling, it heing supposed that the 
board is constrained to remain in a vertical position. 

2. A triangular lamina is placed upon a horizontal table; 
how far can its vertex be made to project over the side of the 
table when the base is kept parallel to the side of the table? 

3. A parallelogram whose height is equal to its base will 
just stand on that base when placed vertically on a horizontal 
plane, find the angles of the parallelogram. 

4. A uniform triangular lamina ABC is placed upon a hori- 
zontal table with the side BC on the table and parallel to the 
edge, and one-ninth of the area of the triangle overhangs the 
table. Shew that if a weight be placed at A greater than the 
weight of the triangle itself, the triangle will be upset. 

5. A four-sided figure consisting of a square ABCD with 
an isosceles triangle upon the side BC as base is cut out of one 
piece of board ; find the greatest height of the triangle that the 
figure may stand with its side DC on a horizontal plane without 
tumbling over. 

6. If a table stand on three legs, shew that in whatever 
way weights are placed upon it without upsetting it, the centre 
of gravity of the table and weights together will be vertically 
above a given triangle. 

7. A circular board weighing lo lbs. is made into a table by 
the addition of four legs without weight fixed perpendicular to 
its plane at equidistant points on its circumference ; find the 
least weight with which it is possible to upset the table by 

^ placing the weight on it. 

^ft 8. An equilateral triangular board is made into a table by 

^^ the addition of three legs without weight fixed at right angles 10 

^^^the board at the middle points of the sides. Shew that it is 

^^Bpossible Co upset the table by putting on it a weight which is just 

^^Baeavier than one-third of the weight of the table. 

^^B 9, A square board weighing 20 lbs. is made into a table by 

t 



rt/^ff 4 equal Jegs into it one al the middle ■^oint of each 
»fe Three weights of so lbs. each aic p\iw;e4 m. liiite q^ >i)jt 
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of this table as it stands on a horizontal floor. Find the 
greatest weight that can be placed upon the fourth corner with- 
out overturning the table neglecting the weight of the legs. 

10. A square board ABCD weighing 18 lbs. is made into a 
table by inserting three equal legs in it, one at the corner C and 
the others at the middle points of the sides AB, AD. Find 
how great a weight may be placed upon the comer A as the 
table stands on a horizontal floor without overturning it, the 
weight of the legs not being taken into account. 

11. A number of bricks, each 9 inches long, 4 inches wide, 
and 3 inches thick, are placed one upon another in such a way 
that whilst their narrowest surfaces (or thicknesses) are in the 
same vertical plane, each brick overlaps the other by half an 
inch of its length, the lowest brick resting on a horizontal 
plane ; how many bricks may be so piled without falling? 

12. A triangular lamina ABC obtuse-angled at C, stands 
:rtically with its side AC in contact with a table: shew that 

tlie least weight which suspended from B will overturn it is 

where W=the weight of the lamina. Interpret the above when 

13. A table stands on three legs on a horizontal plane. 
Shew that if the c.G. of the table be vertically above the centre 
of gravity of the triangle formed by joining the three points in 
which the legs touch the plane, the pressure of the legs on the 
plane will be equai, 

14. Find the pressure of each leg of the table in Question 10 
UD the plane on which it stands when no additional weight is 
udaced on the table. 

15. A weight W is placed at O on a triangular table ABC 
supported on a horizontal plane by three vertical legs at A,B,C\ 
shew that the portions of^ W supported by the legs are propor- 
tional to the areas of .BOC, COA,AOB. 

16. A hemisphere, and a circular cylinder of the same 
material and having a common base of radius r, are cemented 
together ; shew that when the height of the cylinder is equal to 
r the equilibrium is neutral when the hemisphere is placed with 
its curved surface on a horizontal plane. [The area of a circle 

'w**; the volume of a sphere- Jir?^', \,\ve t-G. rf a.VtiMii.wfVwB. 
distant 0r from centre. J 
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CHAPTER XI. 



A Rigid Body with one point fixed. 



131. When a rigid body is said to have 01 
it is understood that there is some constraint, (a hinj 
fastening of some kind) which can and does apply to the 
rigid body at that point whatever force is necessary to 
prevent the body from moving. 

132. PROP. To find the conditions for the equilibrium 
of a given system of forces acting upon a rigid body having one 
point fixed. 

If a body, which has one point fixed, requires no addi- 
tional force to keep it from moving, the given system of 
forces acting upon it must be in equilibrium with the force 
applied to the rigid body by the constraint at O. 

In other words, in order that the given system of forces 
may be in equilibrium, their resultant must either be zero 
or must be a single force passing through the fixed point O. 

The condition that this is so, is that the sum of their 
moments about the fixed point must be zero. 

For in this case ihe resultant cannot be a ioiipti, and il cannot be a 
force not passing through O. 

Hence, any system of forces acring on a rigid body 

which has one point fixed, must be in equilibrium with 

the force applied by the constraint a.1 0,5tov\de,d (Ae sum of 

. /4ir/r womenis aiaui O is zero. 



ONE POINT FIXED, 
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133. The above result will be found of very great im- 
portance in the theory of many machines. 

For an illustration see Art. 64. 

134. PROP, A rigid body having one point O fixed 
when acted on by twofi)rceSy has no tefidency to turn about O 
when the moment of one of the forces about O is equal and 
opposite to the moment of the other force about O. 

For the sum of the moments about O of the forces 
acting on the rigid body is zero. 

Hence, the tendency of a rigid body to turn about 
a chosen point due to a given force, is measured by the 
moment about that point of the given force. 

Example i. ACB is a rigid rod without weight having a fixed 
point at C ; AC is horizontal and CB is inclined at an angle a to the 
horizon, a weight Q is suspended at A and a weight P is suspended at B. 
IVhat is the necessary condition /or equilibrium? 

Draw CiV perpendicular to the vertical through B, 

B 




*The forces acting on ACB will be in equilibrium with the force 
applied by the hinge at C, provided the sum of the moments of tbj 
forces about C is zero.' 

The required condition is 

ACy, e= CNx. P=^ CB 00s ax P, 
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MxampU ii. In Example i. if Ikt foires art not in equilibrium, 
L what force must I apply in the directum niaking an angle fi vii/h CB te 
I maintain eguiliirium f 

!t ^be the required force; draw C^ perpendicular to F. 



Then by Art. 131, 
QyiAC=FxCN+F*.CM; 

- c.^ QxAC-Py.C N^_Q-x.AC-Py.CB> 

CM ~ CB sin p 

ExampU iii. What force is applied la tht rigid rod by the canttraiMt 

I C in Example i., and Example ii., rispectivily? 

In Example i., it is supposed that the rigid rod is in equilibrium 

1 under the action of the consiraiot and of the weights W and P respec- 

F lively. The force applied by the hinge at C is therefore the anti- 

I resultant of the two vertical forces downwards W and P; 

The required force is therefore [W-^-F] acting vertically upwards. 
In Example ii., let the force of the constraint be R inclined to ihe 
I horizon at an angle 9. 

Then (he snm of the horizontal resotutes of all the forces acting on 
ihe rigid body is zeroj 
' .-. Rcoie-FiicNBF^o. 

Also the sum of the vertical resolutes of all the forces acting 01 
fcr^d body is zero; 

' .■. Jism8-IV-P-FcQiNBF^o. 

•o equatioQS give 

^iV+P-^-FzoiNBF 
FfXaNBF 
^=^»sin*iV5/"+(JV+P+Fci>sNBF-i'. 
[It will be seen that NBF^ CBF- CBW = p- go' \ 
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A hacvy iedy ofvicight W rtsts on a korhontal plane, 
find theforet in a given direction necetsaty to lam if ever. 

Let the picture represent a plane section of the Ixidy abont which [t 
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Lei O be the point about which the body is to turn. 
[O is really the point in which a line perpendicular to the paper i 
the paper.] 

P be the required force, C the Centre of Gravity of the body. 
Draw ON perpendicular to the force, let the vertical through C cut 
£ horizontal plane in M, 

In such a question it is understood that the point O of the body is 
Mticnlly fixed, either by the roughness of the ground or by some 

' When the body is on the point of turning about 0, the only force 
n the body besides /"and Wis the reaction of the constraint it 
1 hence the condition that the body should be on the point of turning 
noment about O of P-the moment about O of IV; hence 
PxON=lVxOM: 



.: P=Wy. 



, the required value. 



I Suppoie the body to have turned about O through some finite angle ; 
e perpendicular distance of IV from O will be diminished; con- 
(Buentty the moment about O of OiVviiW also be diminished. 
I Hence> the force necessary to keep the body tilted up through a 
if it acts along the fised line NP is less than the above 
leofA 
f Hence, if a force slightly greater than ftie P faviTiA airaNft\«, wp^MoL 
Wtbc body in a fi^ed direction tlic bod-j \i\\\ \« \ji^.c4L ojiWs c»t\ . 
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In the ten following Examples a piece of thin cardboard 
is placed on a smooth table and on it is drawn a square ABCD 
each of whose sides is z inches. 

1. If the point A is fixed and a fbrce of I lb. acts on the 
cardboard along the side BC, what force must act along CD to 
keep the cardboard at rest ? 

2. The point A being fixed, forces of 6 lbs. and 5 lbs. act 
along BC and CD, find the least force which acting at D will 
maintain equilibrium. 

3. The point A being fixed, a force of 5 lbs. acts at S 
parallel to AC, and a force of 4lbs. acts at C parallel to DB; 
what force acting along DB will maintain the cardboard at 

4. The point A is fixed ; forces of 3 lbs., 4 lbs., j lbs. and 
6 lbs. each act along AB, BC, CD, DA respectively; where 
must a force of 1 lb. parallel to DB be applied in AC (produced 
if necessary) to keep the cardboard at rest? 
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6. The point A being fixed, and forces of 3 lbs., 4 lbs., 
5 lbs., 6 ibs., 7 lbs. acting along BC, CD, DB, through C paraUel 
to DB, through the middle points oS AB and DC respectively, 
find the point in AD, produced if necessary, nearest to A at 
which a force of 2 lbs. will keep the cardboard at rest 

7. Forces of 1 lb. and 2 lbs. act a 
lively; what point of the cardboard ii 
equilibrium may be maintained.' 

8. Forces of 3 lbs., 4 lbs. and s lbs. act along AB, BC, CD; 
find the points of the cardboard (i) in AD produced if neces- 
sary, (ii) in DC produced if necessary, which must be fixed in 
order 10 keep the cardboard from moving. 

9. Forces of 4, lbs., 5 lbs. and 6 lbs. act along AB, BC, CA ; 
find the points in which the line of action of their resultant cuts 
ADaaA DC. 

10. Forces of 2 lbs., z lbs. and 2 ^2 lbs. act along AB, BC 
and Cj4 respectively 1 shew that, it \s \in^Dss\ti\.e to keep the 

cardboard at rest by fixing one point otv\^- 



foNE romr fixed. i 1 1 

11. An equilateral triangle ABC is drawn on a piece of 
cardboard placed on a smooth table, each side being 3 inches ; 
forces of 3 lbs., 4 lbs. and 5 lbs. act along AB, BC and CA 
respectively ; if the centre of gravity of the triangle be fixed, 
what is the least force which acting at A will keep the triangle 

12. In Question 11 find a point in the perpendicular through 
I j4 to BC which if fixed will keep the cardboard on which the 

iihree forces act at rest. 
i 13. Forces of 3 lbs. each act along AC^ CB, BA of the 
Wangle ABC in Question 11 ; shew that the cardboard cannot 
be kept at rest by fixing one point only, 
anc 



1 Question 13 the points A and B are fixed, what 
rces perpendicular to the line AB act on ' ' " 



15. A rod AOB, such that AOB is a right angle, is fixed at 
and is in a vertical plane; it is in equilibrium when weights 
P and Q are suspended from A and B, and OA is inclined at 
an angle of 60° to the horiion ; find what change will require to 
be made in the force at B so that the rod may rest with OA in- 

—^clined to the horizon at an angle of 30°. 

16. A straight uniform rod A CB of weight W has the point 
C fixed, and weights P and Q are fastened at A and B respec- 
'^Tcly i shew that if the rod be at rest 

AC: CB=2Q+W : 2P+W. 
A triangular board ABC weighing 3 lbs. with its plane 
fertical is hinged at A ; what vertical force must act at the 
Diddle point of BC to keep it at rest ? 

18. The centre of gravity of an equilateral triangle is fixed 
' ' s plane is vertical ; weights of 3 lbs., 4 lbs., 5 lbs. are fixed 
angular points ; find the horizontal force which must act 
long the side joining the 4 lbs, and 5 lbs., that the 3 lbs. may 
■ rertically above the centre of gravity. 
B, A ladder AB weighing 60 lbs. whose c. G. is 10 ft. from 
A has the point A fixed to the ground ; what force must a m 
6 ft. high be able to apply to the ladder to raise it to a vertii 

position supposing he applies the force at the point ' 

which is 6 ft. from the ground ? 



i^ertical 
ladder 



CHAPTER XII. 
Tensions of Strings and of Rods. 

135. A string or a rod will bear a tension which is very 
great when compared with its own weight; hence the 
weight of a string in a machine is usually neglected. 

Such strings are said to be Ught. It will be always understood that 
a string is light unless it is expressly stated to be otherwise. 

136. The tension of a string exemplifies in a remarkable 
way the truth of Newton's third Law. 

Take a piece of light string and pull at one end with each hand. 
Then the string applies a force, say for example of 2 lbs., to each hand. 
Fix your attention upon any point in the string. The string is said to 
be tight at that point ; there is a stress at that point consisting of two 
equal and opposite forces each equal to 2 lbs. weight. This is the case 
at every point of the string. 

The tension of a string is a stress rather than a force. 

It is a double force, an action and a reaction at every 
point 

137. At the point at which a string is attached to a body 
the stress is set up between the body and the string, and the 
string applies only one force to the body which we may call 
without risk of confusion, the tension, 

ij8. Similar remarks hold good mXk ie%2xd both to the 
pull and the thrust of a light rod. 
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139. When a string is heavy the stress at each point 
is not the same for all points in its length. 

Therefore when a string is heavy its tension is not 
constant along its whole length. 

Example, One end of a uniform chain 25 ft. long which weighs 
4 lbs. per linear foot, is attached to a hook; the chain hanging vertically 
daiun supports a weight of 500 lbs. attcuhed to its lower end; what are 
the tensions of the string cU each end and at its middle point? 

Let ABC be the chain, A its highest, B its middle and 
C its lowest point. 

The tension at C must be the force necessary to keep 
the weight ^500 lbs. in equilibrium. 

The weight is a rigid body acted on only by its own 
weight vertically downwards and by the pull of the 
string; which must therefore be a force of 500 lbs, ver- 
tically upwards. 

To find the tension at the middle point of the string, 
consider the lower half of the string and the weight IV as 
forming one rigid body, (the equilibrium would not be 
disturbed if they were actually to become rigid). Then as 
before the pull of the string upon its lower half must be 
500 lbs. + the weight of laj ft. of chain; that is 550 lbs. 

This is the required tension. 

To find the tension at the highest point, consider the whole string 
and the weight as a single rigid body and we find the tension to be 
500 lbs. + the weight of the string ; that is, 600 lb. 

140. It should be noticed, that when a system of par- 
ticles or bodies is in equilibrium, we may choose any portion 
of the system for consideration ; then the external forces 
acting on that portion must satisfy the conditions of Art. 91. 

That this is so is perhaps made more evident by pointing 
out, that the equilibrium when it exists, would not be dis- 
turbed if the selected portion of the system -^^x^ actualO^ to 

L. & 
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Example i. A tceight of ii ibs. is suspunded from ajixtd hoot by a 
L itring; T tit a secimd string to the laeighl aiid by pulling kerisatOttlf 
I cause tkt first string to lie ituliuid te the vertical at tm angle wAnn 
I cosine is f. fimi tie forces applitJ by the strings. 




I 



Let be the point of the weight to which, the strings are attached | 
I let C be the hook, P the hand holding the second string. Then we 
I have three forces acting at O [i) the weight of ii lt>s. acting vertically 
t downwards; represent this by OA: 

(ii) the tension of the string along OQ; represent this by OB, and 
|.lel it be r lbs.: 

(iii) the tension of the string along OC which is horizontal; re- 
resent this by OC, and let it be T' lbs. 

Then these three forces are in equilibrium. 

Therefore the sum of their reaolutes in any direction is lero. 

Draw OH isxd. OKhoriiontally and vertically. 

ThencQsJOC^f. and .-. coiBOH=^. 

Take the sum of the resolutes of the forces along Olf. 

The resolute of OC along O^ is itself; vu. - 7" lbs. 

The resolute of OA is zero. 

The resolute of 05 is (rcos^O^/) lbs, = f7'lbs.i 

.■• by An. 58, -r + iT=o. 

Take the sum of the resolutes of the forces along OK. 

The resolute of OC along OKis zero. 

The resolute of 0-J is - iilbs. 

The resolute of OB is (rcos BON) lhs. = jrib8.; 






7'=tr=i6i 
. the tension of OQ ia 20 lbs. : the tension of OP is i6lbs. 
[Note. — We here look upon a BVtin^ as sitvi^Vj amM:Viw.fai.^ 



of applying force lo the lolbs. weight. The force applied by a siring 
to a. mass is always In tbe direction of the string; also the magnitude 
of the force has nothing to do with the length of the string.] 

Example ii. A tadght O of F lbs. is supported by fivo i/ringi OQ 
and OK making angles a and a' ■aiilh the viriiciU: find the tatsians of the 




Let OA vertically downwards represent the weight of Plbs- 
lel OB represent the tension (7'lbs.) of OQ, 

let OC (T' lbs.} of OR. 

The three forces OA, OB, OC are in equilibrium ; 

e sum of their resolutes in any dicection is zero. 
Taking their resolutfs in the vertical direction upwards, we have 

Taking their resolutes in the horizontal direction, we have 

7'sina-7"sinn' = o. 

_,_7-sina. 



rf we iave /bund T'and 7". 



EXAMPLES. XI. 

N.B. — ^Ttie length of a string has of itself nothing whatever 

1. A weight of 140 !bs. hangs at the end of a rope iz ft. 
I long, whose other end is fixed ; if the whole rope weighs 3 lbs., 
I find the tension of the rope at a point 4 ft. from the weight. 

2. A weight 112 lbs. hangs at the end of a rope 10 ft, long, 
I whose other end is fixed ; if the rope weighs I lb. per linear foot, 
I find the tension of the rope at the point 4 ft. from the weight. 

3. A chain weighing 3 lbs. per linear foot passes over a 
[ smooth small fixed pulley which is 20 feet from the ground; one 
i end of the chain is coiled up on the ground vertically under the 
I pulley, the other hangs vertically and is 10 ft. from the ground; 

■what weight must be fastened to the chain to keep it at rest? 

4. Shew that in Question 3 if the weight fastened to the 
end of the chain be too small it will run up to the pulley, if it be 
too large it will, descend to the ground. 

5. A chain weighing i lb. per linear foot passes over a 
smooth small fixed pulley 50 feet from the ground, and one end 
is coiled up on the ground ; the other end is held by a man at a 
point 30 ft, below the pulley; if the man pulls the chain over 
the pulley, what force must he exert ? what will be the pressure 
on the pulley? 

6. Shew that in Question 5 when the end of the chain has 
left the ground the man's pull will gradually diminish; when 
will it cease altogether ? 

7. If a heavy body hang supported by three strings, two of 
which are vertical, prove that the third string must be vertical. 

8. A heavy chain of length 12 ft. 8 in., and weighing 19 lbs., 
has a weight of 3 lbs. attached to one end, and hangs in equi- 

■ librium over a smooth peg ; what length of it hangs on each 

^ side? 

^^ 9. An endless chain 20 feet long, weighing 20 lbs., passes 

^■^ round a smooth fixed peg ; two weights of 4 lbs. and 3 lbs. are 

^^h fastened to points in the chain ; ft. apart ; what positions will 

^^H the weights take up when hanging vertically under the peg in 

^^B equiUbrium, and what will be the tensions of the chain at the 

^^H points 6 ft. from the peg? 

^H^ 10. An eudless chain 16 ft long, -weistntv^ ■i^\.\l4., passes 

^^KMind a. Sxed smooth peg ; three wetg^it.s o^ lo^toa., aiA <,'&&. 



I 
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and 2 lbs. are fastened to the chain at points 2 ft. apart ; where 
will the weights he when the chain hangs veilically from the peg 
in equilibrium ? Find the tension of the chain at its lowest 
point, and at points 4 ft. from the peg. 

11. A weight of 12 lbs. is fastened by a string to a hook ; if 
I pull horizontally with another string fastened to the weight 
until the first string makes an angle whose cosine is ^ with the 
vertical, with what force do I pull ? 

12. With a similar arrangement to that in Question 11, if the 
weight is i61bs. and my horizontal pull is lalbs., find the ten- 
sion of the other string. 

13. If in a similar arrangement to that in Question 11 the 
inclination of the first string to the vertical is an angle whose 
cosine is 1^; when 1 pull horizontally with a force of 12 lbs., 
what is the weight ? 

14. A weight of I2!bs. : 
making an angle whose cosin 
tensions of the strings ? 

15. A weight of 84 lbs. is supported by two strings, one 
making an angle whose cosine is % and the other an angle 
whose cosine is 4 with the vertical ; find their tensions. 

A weight of 204 lbs. is supported by two strings, making 
a right angle with each other, one of which makes an angle 
whose cosine is ^j with the vertical ; find their tensions. 

17. A weight O of 84 lbs. is supported by two strings OA, 
OS listened to two fixed hooks A and B such that 0.^ = 4 ft., 
03=3 f^- 3"'^ -^^ 's horizontal and = 5 ft. : find the tensions of 
the strings. 

18. A weight O of 204 lbs. is supported by two strings OA, 
OB fastened to two fixed points A and B, so that 0^ = sfC., 
Oif=i2ft. and^5=i3ft. and is horizontal; find the tensions 
of the strings. 

19. A weight O is suspended from a fixed hook 2 by a string 
OQ; shew that if 1 apply a horizontal force to the weight O, I 
increase the tension of the string OQ. 

20. Two forces P lbs. and Q lbs. have a resultant which is 
vertical and downwards ; the force P lbs. makes the angle a with 
the line drawn vertically upwards, and the force Q lbs. makes 
the angle S with the same line on the other side of it ; prove 

rt P sin a=Q sin S, and that the reswUati^ " 



\ 
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21, A heavy rod has one end of a light siring twice as long 
as itself fastened to it ; the loop of the siring passes over a 
smooth fixed peg ; prove that if the rod is uniform it is in equi- 
librium when it hangs from the peg when the rod is horizontal 
and wlien it is vertical, and in no other position. 



23. A heavy uniform rod of weight W is fastened to a 6xed 
point by two strings of length a and t; find the tension of tht 
strings when the rod hangs in equilibrium. 

24. A heavy uniform rod is hinged to a fixed point, ant 
supported at an angle 6 to the vertical by a horizontal strii^; 
find the tension of the string. 

25. Two equal uniform rods each of weight W are Iimged 
together at one end, and have their middle points connected by 
a siring whose length is equal to half that of each rod ; the rods 
and string stand on a smooth horizontal plane in the form of an 
A; find the tension of the string. 

26. Two equal light rods replace the heavy ones of Ques- 
tion 25 and a weight IV is fastened to the hinge at the vertex ; 
find in this case the tension of the string. 

27. A uniform heavy rod is placed in a smooih hemi- 
spherical bowl whose radius is equal to the length of the rod; 
what will be its position of equilibrium f 



29. A string each of whose ends are fastened to fixed 
points has a heavy smooth bead sliding upon it ; what will be 
the position of the bead when in equilibrium ? 

30. A heavy uniform rod is supported from Iwo fixed points 
by two strings fastened one to each of its exlremilies ; shew 
that if when in equilibrium the rod is horizontal the tensions of 
the strings must be equal. 

Shew how to find the tensions when the rod i 



CHAPTER XIII. 

Machines. 

We proceed to describe and as far as may be 
plain the principles of the following machines : 
The Lever, the Pulley, the Wheel and Axle, the Inclined 
ine, the Screw. 



one I 



Levers. 

142. DEF. A lever is a rigid rod moveable in one 
lane, about a fixed point in the rod. 

The fixed point is called the fUlcrum. 
It is understood that two forces act on the lever 
Jesides the reaction of the fulcrum ; these two forces arc 
ten called the power and the weight. 

145. The armBof a lever are the afiV/nwcj of the power 
pd the weight from the fulcrum. 

146. The weight of the lever itself is generally incon- 
iderable compared with the forces acting upon it and 
Bcordingly the weight of the levet is olXtrv T^t'^tcxsA. 

s then said to be light. 
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[ 147. PROF. To prove tlu principle of ihe Zeea|| 

I namely, that when a lever is in equilibrium the Power xift 
I ann is equal to the Weight ^ its arm. 

I When the Power and the Weight are two parallel forces 
I and the lever is straight the amis may be measured along 
I the lever. Otherwise, the arm is i\\e perpendicular distance 
p of the line of action of the force from the fulcrum. 
I The point of the lever in contact with the fulcnim is 

' fixed ; therefore the fulcrum will apply to the lever whatever 
force is necessary to keep that point of the lever at rest. 

The remaining forces will be in equilibrium with this 

constraining force provided the sum of the moments about 

that point is zero. [See Art. 134.] ^H 

That is, provided ^H 

the Power x its arm = the Weight x its arm. ^| 

148. It has been customary to divide levers into tlirce classes. 

In tlie Brst clasa, the fulcrum is between the Power and the Weight. 

In the Moond class, the Weight is between the Power and the 
fulcram. 

In the tlllrd dasE, the Power is between the Weight and the fulcnim. 

But these classfs have no importance beyond the historical interest. 

Examples of the first class: a cro;\'hsr ; a poker raising Ihe coals 
using the bar of a grate as a fulcrum; the handle of a pnmp. Double 
levers : scissors ; pliers, nippers and pincers. 

Examples of rhe second class : a wheel harrow ; an oar [in which the 
blade is the fulcrum and is supposed to be practically at rest). Double 
levers : nutcrackers. 

Examples of the third class: the human arm, when put into a 
horizontal position with the palm of the hand upwards and supporting 
a weight, is a good example; the power is the biceps muscle which is 
attached to the arm near the elbow, and the elbow joint is the fulcrum. 
Douhle levers: a pair of lire longs, as usually used. 



MACHINES. 



On Mechanical Advantage. 



One of the most important problems which 
Engineer has to solve, is how to raise heavy weights. 

With a lever, the ratio of the two forces, the Power and 
the Weight, may be made (by properly arranging the length 
of the arms) as small or as great as we please. 

Hence we may with a lever support as great a weight as 
liwe please with as small a force as we please; provided the 
^Rilcrum is fixed and the lever is strong enough. 

■■ 150. The capacity for counteracting a large force with 
a smaller one is called mechanical advantage, 

It is customary to say that a machine possesses me- 
chanical advantage when the weight supported is greater 
than the power by which it is supported. 

For example, a Icrer of the first da.sa has mechanical advantage 
when the power-arm is longer than the weight-arm. A lever of the 
second class has always mechanical advintage. A lever of the third 
class IB always at a disadvantage mechanically. 

It must however be noticed that the advantage 
ssessed by a machine is only statical. When a kver 
1 weight it will be found that the Work done on the 
freight is exactly equal to the work done by the Power. 

, For example, if a weight uf loO Vm. is supported by a force of 5 lbs. 
a lever of the first class, the arm of the power is 10 times as long 
: arm of the weight, and it tlietefore must move through 20 limes 
the ilistanre ihiough which the weight moves. 



What is gained In force is lost in distance 



a^^^ 



H^wTed. 
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EXAMPLES. XXI. 

1. A lever with the fulcrum between the Power and the 
Weight has its arms 5 ft. and 10 ft. respectively; if a power of 
20 lbs. acts at the extremity of the longer arm, what weight 
can the lever support ? 

2. A lever with the fulcrum at one end has arms such that 
one is 3 ft. longer than the other; if the power is 10 times the 
weight, what is the length of the lever ? 

3. A lever with the power in the middle (i.e. between the 
fulcrum and the Weight) ; the power is 3^ times the weight and 
the pressure on the fulcrum is i81bs. ; what is the weight? 

4. A heavy uniform rod 10 ft. long is used as a lever, and 
the fulcrum is 3 ft. from the end ; the power is i lb. and the 
weight is 4 lbs. ; what is the weight of the rod.? 

5. A wheel-barrow is 5 ft. long and exclusive of the wheel 
it weighs 20 lbs., the centre of gravity being 2 ft. from the axle 
of the wheel ; how near the a3de must a weight of 30 lbs. be 
placed that a man may gain mechanical advantage by using the 
wheel-barrow ? 

6. A cube weighing i ton stands on a horizontal plane. A 
man of 12 stone wishes with a crow-bar 5 ft. long to raise the 
middle of one edge of the cube from the ground ; how near the 
end of his crow-bar must he put his fulcrum ? 

7. A pair of nut-crackers is 4J inches long, and a nut is 
placed f of an inch from the hinge ; what pressure applied at 
the ends will crack the nut if a weight of 20J lbs. when simply 
placed on the top of the nut will crack it ? 

8. A heavy uniform beam 7 ft. long rests on two supports, 
one at one end and the other 5 J feet from that end ; the greatest 
weight that can be hung on at the other end without disturbing 
the equilibrium is 16 lbs. ; find the weight of the beam. 

9. Explain two different ways of arranging a rod 1 5 ft. long 
as a lever which will lift a weight of 24 lbs. with a force of 
12 lbs. 

10. A straight rod AF without weight is divided in points 
B, C, A ^ so that AB\BC\CD\ DE : ^i^ as i : 3 : 5 : 7 : 9, 

and weights of i, 2, 5,4, 5 lbs. are placed at the points B^C^D,,E^ F 
respectively ; shew that if G be the pOAivt \tv tYve xod ^\. vi\\\Ocv ^ 
fuJcrum would support it, AG : GF= 3 : 2, 



11. Find the length of a lever o( the second kind that a 
power of 5 lbs. may support a weight of 12 lbs., and that iheir 
poiDls of appUcation may he i ft. apart. 

12. The shorter arm of a lever is 7 inches long ; ihe lever 
is in equilibrium when weights of 5 lbs. and 8 lbs. are suspended 
from its arms ; find the length of the other arm. 

13. The arms of a light lever of the first kind are unequal, 
and a body when suspended from one end is balanced by a 
weight of 18 ihs. at the other ; when suspended from the longer 
end it is balanced by a weight of 20 lbs. ; what is the ratio of 
the arms of the lever, and what is the weight of the body? 

14. A straight lever whose length is ■; ft. and weight rolbs. 
has its fulcrum at one end; weights of 3 lbs. and 6 lbs. are 
fastened to it at distances 1 ft. and 3 ft. from the fulcrum, and it 
is kept horizontal by a vertical force at the other end ; find the 
pressure on the fulcrum. 

15. If in Question 14 the force keeping the lever horizontal 
were inclined at an angle of 30° to the horinon, what would the 
force be, and what would be the pressure on the fulcrum? 

16. AOB is a bent lever whose fulcrum is 0. and whose 
arms OA, OB are equal and straight ; it is in equilibrium with 
OA horizontal when weights P and Q are suspended from A 
and B; find the change which must be made in the weight sus- 
pended at B that the lever may be in equiUbrium when P is 
suspended at A and OB is horiiontal. 

17. A lever has its fulcrum in the middle (i.e. between the 
Power and the Weight), and a weight W fastened to one end 

w IB supported by a force of P lbs. at the other ; if the ends are 
[.interchanged the necessary force to balance I-f is a force of 
Q\hs.; prove that IV=J{PQ). 

18. The arms of a bent lever are 2 ft. and 3 ft. respectively; 
[■ what force acting at an angle of 30' to the longer aim will 
I balatice a force of 30 lbs. acting at right angles to the shorter 

n? 

A bent lever whose arms are inclined at right angles to 

Reach other, and are 3 ft. and 4. ft. long respectively, is at rest 

hunder Ihe action of forces of 16 lbs. and 12 lbs. acting at the 

t*xlremities of the shorter and longer arms respectively; if the 

'wee of 1 6 lbs. acts at right angles to \tsa.t«v, at Wfca.^i&'g.e.'m».'& 

e oiher force act and what is iVic ptsssttie o'd'Ctve M«.-^\«si."\ 
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20. A bent lever consists of two heavy uniform straight 
arms, whose lengths are 3 ft. and 5 ft respectively ; if the beam 
weighs 10 lbs. per foot, what weight must be suspended from the 
extremity of the shorter arm that the lever may balance with its 
arms equally inclined to the horizon? 

21. AB and DEC are two light horizontal levers arrai^ed 
so that B is vertically above C, and connected with it by a light 
inextensible string. The fulcrum of DC is at D; the weight 
W is placed at E so that DE is J'^ of EC; the 'weight' of 
AB is the tension of the string ; the fulcrum of AB is at H, so 
xhalBHis jxi^ ai AH; what power acting vertically downwards 
at A will support 100 lbs, placed at £■ ? 

Note.— The above compound lever illustrates 
principle of the weighing-machine. 



The Common Bj 



es^ 



152. The common balance is a machine for testil% 
whether two bodies have equal weights. 

It is practically a lever with the fulcrum exactly in the 
middle of the beam. 

153. The 'weights' of a balance are bodies whose 
weights are some multiple or submultiple of the standard 
weight. 

The weights are bodies weighing respectively 1 nibs., 5GIbs., 48 lbs., 
t+lba., ;lbs., 4lbs., jibs., 1 lb., Jib., Jib., loz-.Joz., i oi., etc 

The weight of a body is ascertained by testing with the 
balance which of these weights will 'balance' it. 

154. The following is a description of the balance and 
the method of using it. 

The figure gives a simple form of the balance. The litttm AB it 
supported by a fulcrum at C. The fulcrum is a short bar of steel or 
other hard substance whose section is an iso.^eles triangle; this passes 
through a roand hole ui the beam, and its sharp lop called the kni/i- 
edge support': Ihe beam. Knife-eJges are fixed to the beam al A and B 
.■iiiil from them are suspended the sca\e-paTiS. TVc ^ort \yii^ CsnmiwE, 
r/is knifc-cilges are al right angles to the p\imc o^ \\\e ^nUmB. 



THE COMMON BALANCE. 




I The body to be weighed L plai;cd in one aculc-pan, say A, wliicli 
t rests oa a lable, and weights are placed in the other scide-pan 
D OD the table; the beam is then laised by the hook until it is just 
izontttl, and both scale-pans just touch the table ; il is then quickly 
sed a little further, so as to lift both scale-pans off the table. Then, 
if the scale-pan A falls, the weights are too small ; if the scale-pan B 
falls, the weights are too great ; the trials are continued until the beam 
krsUatis to turn one way or the other. 

I 155. The requlBitea of a good balance are 
(i) it must be true; the arms must be excuily equal, 
d the scale-pans of equal weight; 
(ii) it must be sensible; that is, it must quickly shew 
when the sum of the weights, which are placed in the scale- 
pans opposite to that in which is placed the body to be 
weighed, is not equal to the weight of the body; 

The discussion of the means by which a balance may be made setisi- 
I blc is really a dynamiiat question. 

1(111) it must be stable; that is, it must not move very 
from its mean position, when the weight of the body and 
the weights differ. 

This is also a dynamical question; but we may point 
out here that the nearer the knife-edge of the fulcrum is to 
^Jhe straight line joining the knife-edges of the scale-pan^^J 
^^b move sensible and the less s\.a\i\e Ns'ifi. \:ae.\iA'a.vKR,>«|^^H 
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The further above this line the fulcrum is, the more stable 
it will be. Hence for purposes requiring great accuracy the 
knife-edges are made nearly or exactly in a straight line; 
while for the rougher purposes of weighing heavy goods the 
knife-edge of the fulcrum is placed a sensible distance above 
that line. 

[56. It is not sufBcient for the truth of a balance that 
the beam should remain horizontal when raised with the 
scale-pans empty, for the scale-pans might in that case be 
of unetjuai weight and the arms also unequal. 

157, To test the truth of a balance, we first see that the 
beam balances when the pans are empty ; then taking two 
equal weights we put one in each of the scale-pans; if the 
im balances, then the balance is true. 

For, let n, i bE the lengths of the anna ; If, IV' the weights of the 
scale-pans; m the weight of the equal weights; then by the first eiperi- 
menl lVxa=IV'xb, 

by the second (JT-hb) xci = (H"-|-qi)x6; 

A wxa = «>ti; 
.■. ffi = 6, and :. also fr=H". 
Or, we may (having first tested when the pans are empty) 
find the weight of a body Q when placed in one scale-pan 
to be IV^, and when placed in the other to be also ff^; then 
the balance is true. 

EXAMPLES. XXn. 

. In a balance which rests in a horizontal position when 
unloaded, but whose arms are of different lengths, a body when 
weighed in one scale appears to weigh lV\h. and when weighed 
' the other tV lb. ; prove that its true weight is J( WW"). 



. A grocer has to weigh out to a customer a certain weight 
fff tea; he knows that his balance \s in \.\\c coTid\V\citi dftsciihed 
Question 1, so he weighs one l\a\( oS vVie (\\iav.u\.'j o\ s-ea. it.- 
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quired, and then puts his weig^hts into the other scale and 
weighs the other half in the other pan ; has he got the proper 
weight of tea, or is he a gainer or loser ? 

3. In a balance such as that described iti Question 1, the 
apparent weights of a body are 42I lbs. and 49 lbs., and the 
whole length of the beam is 2^ ft. ; find the length of each arm. 

4. In a false balance, the arms being of unequal length, a 
weight is measured in one scale by Plbs. and in the other by 
Q, lbs. ; shew that the arms are to one another as ^P : V2- 

5. If the arms of a false balance are 2 ft. and 2 ft. i in. 
respectively, what is the true weight of a body which appears to 
weigh 10 lbs. when placed in the scale at the end of the shorter 

6. When one of the scales of a common balance (which is 
otherwise true) is loaded, a body appears to weigh (fibs, when 
placed in one scale and W when placed in the other scale; 
prove that its true weight is the Arithmetic mean between W 
and W. 



9. If the beam of a false balance is uniform and heavy, 
shew that the arms are proportional to the dilTcrences between 
the true weight and the apparent weight of a body. 

10, The arms of a false balance are without weight, and one 
arm is longer than the other by one-ninth part of the shorter arm ; 
and in using it the substance weighed is put as often into one 
scale as in the other, shew that the seller loses five-ninths per 
' his ti 
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U, A tradesman's balance has arms whose lengths are 

in. and 12 in. respectively, and it rests horiiontally when the 

lales arc empty ; if^ he sells a pound of tea at is. ^d, per lb., 

putting his weights into diiferent scales for each transaction, find 

whether he gains or loses, and how much. 

12. One pound is weighed at each end of a false balance 
' the sum of Ihe apparent weights is ^Vb.aoi,-, •*<fe'i,'. a i.b,s. 
of the lengths of the armsf 
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156. The common steelyard. The common steel- 
yard is an instrument for weighing goods. 

It consists of a straight steel lever A£ having a fulcrum 
at a fixed point C near one end A. 

A weight of F lbs. is arranged as a ring D which can 
slide along the arm C£. Al A is a hook or scale-pan on 
which can be placed the article whose weight is to be 
ascertained. The arm C£ has certain marks and numbers 
engraved on it. 

The weight of an article is obtained as follows : 

The fulcrum is firmly supported and the steelyard is 
held in a horizontal position white the article is placed 
in the scale-pan. Tiien the ring Z> is shifted until by re- 
peated trials the position is found for it at which, when 
the whole is left to the support of the fulcrum alone, the 
steelyard hesitates which way to turn. The mark at D 
engraved on the rod OB indicates the weight of the article. 

159. The graduation of the steelyard is the process 
by which the maker ascertains where to put the proper marks 
on the rod CB. 

160, PROP. To graduate tlu common steelyard. 

Let the weight of the rod and scale-pan together be 
^Ibs.; and let their joint centre of gravity be at G. 

[The weight of the scale-pan acls upon the rod exactly as ttie 
weight of an equal bodyyiii^rf lo the rod al A.\ 

We first obtain the zero point by trial. That is, the 
ring D is shifted until a point O is found, at which the 
steelyard balances when no article at all is in the scale-pan, 

Now suppose a weight of « lbs. to be placed in the 
scale-pan. 

Let the ring D be shifted to a point Q, at which 
found chat the steelyard halancea. 
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Then we have a force of n lbs. acting vertically down- 
wards on the steelyard at -<4, a force of il/'lbs. acting verti- 
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cally downwards at G and a force of P lbs. acting vertically 
downwards at Qn- 

These three forces are supported by a vertical force up- 
wards at C 

Taking moments about C we have 

nxAC+M^GC-Fy^ CQ^ = o (i). 

But by our first experiment we have 

MxGC-PxOC=o (ii); 

. •. putting Px OC for Afy^ GC in (i), we have 

nxAC+Pxi CO-Px CQ^ = o, 
that is P{CQ^-CO) = nxAC, 

or PxOQ^ = nxAC, 

AC 
Suppose now that n = i; then OQi = —p- ; 

.*. to find C for n lbs., we have OQ^ = n x OQ^. 
That is, in order to graduate a steelyard to weigh lbs., 
we must find by trial the point O of zero graduation, and 

L.S, ^ 



13° STATICS. 

I also by a second trial the point Q^ for i lb., and mark their 
I positions on the rod. Next we find by measurement points 
Q» Q„ Q..^ etc. such that OQ, ^Q,Q,= Q,Q^, and so on, and 
[ engrave on the rod the numbers 2, 3, 4, etc. at those points. 
Then, when an article weighing a number of lbs, say 4, 
L is placed in the scale-pan, the steelyard balances when the 
I ring is at the point on the rod which is marked 4, 

Note.— The student should observe that if the lengths Oft, Q,Qt,... 
I be each subdivided into any number of equal parts, say i6, then the 
steelyard is graduated for sixteenths of a lb. 

li. The Daniah steelyard. The Danish steelyard 
[ consists of a lever AS whose fulcrum' C is moveable. 
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[ one end A is a lump of metal, and at the other .5, 
I a hook or scale-pan. 

The weight of an article placed in the scale-pan is 
I ascertained by observing the point at which the fulcrum 
it be placed in order that the whole should balance when 
supported by the fulcrum, 

i2. PROP. To graduate the Danish steelyard. 
lie position of 0, the zero point of graduation, is the 
centre of gravity G of the rod and scale-pan. This must be 
ascertained by trial and carefully marked on the rod. 
Let jWlbs. be the weight of the rod and scale-pan. 
Let « Jbs. be placed in the sca.le-pan, and let Q, 
losition of the /'uicrum. 
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+ OQ„ -=^0Q,+ OQ, = {^+ i) 0Q„ ; 
.: OB=^^-^^ 0Q„; 



<^Q--WT7,<^^- 



I.: Q.B- 
■■ '"^""'^+ 
From this result, when M is known, the graduation 
can be determined. 

ExampU. A Danish steelyard wcighi 4 lbs., shmi how to gradualt 

We have to find the points on Ihe rod at which we must put the 
marks 1, 1, 3, etc which shall indicate that when the steelyard balances 
with the fulcrum say at 2 the weight in the scale-paji is 1 lbs. 



We have OQ^=,^—-OB and M=i,. 

Plrat, let n = i; then, OQj = -^OB^-OB. 

t we taite OQi = -OB and put the mark 1 at Q,. 

Hell, let 71 = 1! then, OQ,= ^— = lOB = -OB. 
4 + 1 3 

I Hence we take OQ^^- OB and put the mark 1 at Q^. 
i Vaxt, let « = 3; then 00,= ^ =^ OB. 

Hence we take 0Q^=^ OB and put the mark 3 at C,; 



Note. — Id the Balance and the Steelyards the sca]e- 

e treated as forming part of the beam ; the student 

ftriiould notice that it would make no difference to the argu- 

■-ttent if the scale-pan wete Tep\a.ced \p] mi to^A'iV -hw^i. 

va//a /Ae ieam at I lu point oj suspension. 
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steelyard is fonned of a uniform rod i 
I long, the fulcrum being i inch from one end ; the sliding weight 
t and the weight of the rod are each i lb. ; find the least weight 
I that can be weighed with it, and the distance between the 
I graduations for pounds. 

^Elyard of Question 1 the sliding weight be 
I changed into one of 2 lbs., find what error will be made by 
I using the old graduations as 3 lb. graduations. 

If the distance of the C. G. of the beam of a common 
k Steelyard from the fulcrum is 2 inches, the moveable weight 
I 40Z., and the weight of the beam 2 lbs,, find the distance of the 
I »ero of graduations from the centre of gravity, 

[. A uniform rod 2 feet long, weighing 3 lbs., is to be used 
steelyard ; the fulcrum is 2 inches from one end of the rod 
[ and the sliding weight is 1 lb. ; find the greatest and least 
I weight that can be determined by the machine, and the distance 
1 the r lb. graduations. 

The errors of a certain false steelyard are these : the 
e of the lero point from the fulcrum is too great by a. 
e o, and every one of the distances between consecutive 
I graduations is too long by a distance d ; shew that the only 

correctly indicated by the i: 



I weight which i 

P is the moveable weight. 

A common steelyard is 3 ft. long, the CG. of the steel- 
I yard is 5 inches from one end, and the fulcrum is 6 inches from 
I the same end ; the weight of the steelyard is 8 lbs., and the 
I moveable weight is i^ lbs. ; find the position of the zero of gra- 
I duation and the distance between the lb. graduations. 

If the moveable weight for which a common steelyard is 

I constructed is i lb.,aiidatradesman substitutes a weight of 2lbs,, 

■ using the same points of graduation as before, hut doubling the 

r value indicated by the marks, shew that he defrauds his cus- 

3 if the c.G. of the steelyard is in the longer arm, and 

himself if it is in the shorter arm, 

8. Where must be the c.G. of a common steelyard that any 

moveable weight may be used with it, the marks of graduatiMI 

L indicating multiples of the moveable weight ? 
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9. In a Danish steelyard the zero of the graduations is 
12 inches from the end at which the body to be weigheii Is 
attached, and the weight of the beam is S oi. \ find the position 
of the graduation corresponding to a weight of i6oi. 

10. If the bar of a Danish steelyard balance when iho 
fulcrum is halfway between the first and second graduations, 
shew that the weight then in the scale is \ of the weight of 

11. A weight of 4 oi. is in equilibrium on a Danish steel- 
yard when the fulcrum is 6 inches from the end to which the 
weight is attached ; a weight of 8 oz. is in equilibrium when the 
fulcrum is 4inches from the end; find the CO. and the weight 
of the instrument. 

12. If the weight of a Danish steelyard be i lb. and the 
nearest distance of the fulcrum from the end from which the 
weight is to be suspended is 1 inch, and the distance between 
this point and the c.G. is 3 ft.; what is the greatest weight that 
can be weighed with the machine ? 

13. There are no graduations on a certain Danish steelyard 
and its weight is not known, but by suspending from the end B 
in succession weights of P lb. and Q, lb. respectively it is found 
that the corresponding distances of the fulcrum from B are 
a inches and b inches respectively; shew thai the C.G. of the 

s '■p~3^/ inches from B, and that its weight is 
lbs. 

14. If the common steelyard be correctly constructed for a 
moveable weight B, shew that it may be made a correctly con- 
structed instrument for a moveable weight «/" by fixing at the 
C.G. of the steelyard a weight equal to («- 1) times the weight 
of the steelyard. 

15. If the beam of a common steelyard be uniform, and its 
weight be m times the moveable weight, and the fulcrum be 
one n'^ part of the length of the beam from the end, shew that 
the greatest weight that can be weighed is J {2« - 2+w)(m -2)) 
limes the moveable weight, 

16. If a common steelyard be 17 in. long and with the 
scale-pan weigh 3 lbs., their common centre of gravity being 
I in. from the end at which the scale-pan is suspended, the fill- 
:nim being 2 in. from the same end and ihe moveable weight 

"'ng I lb., find the distances between the graduations of b "" ' 
inda. 
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Pulleys. 

163. A PuUey is a machine for changing the direction ofl 
the pull of a string without sensibly changing its magnitude, f 

It consists of a small wheel of metal or 
wood whose axle is held by a frame called a 
block. 

The word pulky is often used to indicate 
the pulley and the block; so that when we 
speak of a fixed pulky, we shall oiean a pulley in a fixed 
block. 

A moveable pulley generally indicates that the block of 
the pulley is not fixed, but has a string fastened to it; the 
pull of this string is in equilibrium with the pulls of the 
string which passes through the pulley. 

It is usual to consider that the weight of the string is so 
small, compared with the other weights considered, that it 
may be omitted in our calculations. 

ExamfU i. To find Ihi condilums 0/ iguilibrium of a singlt 
able pullry, the strings being parallel. 

Plrat, let the weight of the pulley be neglected. 
Let the string passing round the pulley support a 
'eight w at each extremity. These weights mast be 
equal, because the pulley is smooth. 

The block Is fastened to a support by a string ; 
I let the tension of this string be T. 

The pulley is now acted on by three parallel 
\ forces tV, ff, T which are in equilibrium, 
Therefore T=}V+IV=iW. 
Men, consider the weight of the pulley lo be if. 
Then there are four parallel lorces, three ol ■«\Aiii 
: /fanda/; .: r=i(V+w. 
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^ Exampli ii. The block H a/ a puiUji is fastmid to a fixed beam T 
by a siring; the end of anolh-r string, ivhkk gots etier the fuUtyt is 
fastened to a weight W; the ether ind I hold in my hand, as in the 
figure; leith vihai fara do I full? and vihat is (he tension of tkt 

The tensioD of the string which Li 
fastened to the weight, is equal to W, 
the weight itself. 

This tensioD ia unaltered after pas- 
sing round Ihe pulley ; therefore the 
fence with which I pull is equal to W. 

Pint, suppose the weight of the 
pulley to be neglected. 

Then the only forces acting on the 

Elej aie the tensions of the strings. 
These forces are in the ditectioa of the strings. 
Therefore if a parallelogram ACBO be drawn as in llie figure, AC 
resents W\ BC represents W, and CA represents the tension of the 
string TC. 

Then if the angle JC^ = ifi, we have CO=i^C cos A 
Therefore the tension of CT" is i Wcos fl. 

N^Et, suppose Ihe weight of the pulley taken into consideration. 

In this case there are/mir forces acting on the pulley ; (i) its weight, 

(ii) and (iii) the two equnl tensions of the strings PB, WA\ (iv) the 

n of the string TC. If Ihe first three forces are given we can by 

t. 91 find the magnitude and direction of the tension of ihe string TC. 

164. In the simpler problems on ptilieys, the blocks are 

mally so arranged that the strings are all vertical ; in 

iwhich case the problem is one on parallel forces only. 

There are three arrangements of pulleys usually ex- 
jt^lained in elementary text-hooks on Statics. They consist 
separate blocks so arranged chat the tension of one 
g caused by a force called the Poorer, supports a larger 
Ttical force called the Weight. 
We shall consider the strings to be all vertical. 
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165. PROF. To find tttt relation beiu-een the PowH 
and the Weight in a system of pulleys, in which each pulb} 
hangs in the loop of a separate string, one end of which U 
fastened to a fixed beam; all the strings being parallel. 

[This system is called THE FlKST SYSTEM OF PULLEYS.] 

The system is shewn in the figure. 

First, neglect the weight of each pulley. 

Let ./'be the Power, and fKthe Weight. 

Let A, B, C... be the pulleys. 

Let Tj, 7;, 7;... be the tensions of the 
strings which go round the pulleys A, B, C... 
respectively. 

Then, the forces on the pulley A are three 
parallel forces, IV downwards and 7", and 7', 
upwards; 

.-. z7;= IV. 

The forces acting on the pulley B are 
three parallel forces, 7] downwards and 7", 
and T upwards ; 

.-. 2?;^ 7,. 

Similarly, 2 T^ = 7^ 

' .■. ;i'=zr, = 47;=87;=... = 2"7'.. 

And when there are n pulleys P= T^; 
therefore W^ aT. = 2'P , 

Next, let the weights of the pulleys A, B, C... he 

Then, if there are n pulleys, in order to support the 
pulley A, the power must be increased by — ,' ; 



to support the pulley B, the power r 



t be increased bj[^ 



Hence, the power /" necessary to support both W and 
the n pulleys is given by 



^ i66. PROP. To find the relation between the Power 
and the Weight in the system of pulleys in which all the 
pulleys are arranged in two blocks, one block fixed, the other 
moveable ; the same string going round all the pulleys, and all 
the strings being parallel. 

[This system is called the Second System of Pullevs.] 

The figure gives two pulleys to each 
block. 

Since the same string goes round each 
pulley, the tension of every portion of the 
string is the same. Let I be the tension 
of the string. Then t^P (the Power). Let 
W be the Weight, and let w be the weight 
of the lower block. The equilibrium would 
not be changed if the lower block, the 
weight, and the strings touching it were all 
to be considered as one rigid body. This 
rigid body Is acted on by four equal parallel 
forces, each equal to / acting vertically up- 
wards, and by its weight (f + w acting 
vertically downwards; 

.-. iV*iv = 4t= 4P. 




Similarly, when there are a number of pulleys 
ranged that « strings pass upwards from the lower 
we have 



iV+ 



^nP. 
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Note. — In praj:tice the blocks are usually made so that the puUejs 
all side by side. In this case the strings cannot be all enacllj 
parallel. When the distance between the blocks is not very small, the 
angle between any two strings will be veiy small, and the results ob- 
tained from considering the strings parallel will be sensibly correct. 

167. PROP. To find the relation between the Powei 
the Weight in a system of pulleys in which each puU^ is 
supported by a separate string, which, after passing over Ike 
pulley above it, has its other end fastened to the weight ; all 
the strings bang parallel. 

[This syston is called the Third Svstem of 

The figure gives a system of three 
jiuUeys. 

Let P be the Power and W the Weight. 

First, neglect the weights of the pulleys. 

Let 7",, 7;, 7;,... be the tensions of the 
strings passing round j4, 5, C... respectively. 

Let T be the strain on the hook at D 
from which the pulley A is suspended. 

Then, considering the whole system as 

ingle rigid body, the forces acting upon 
it are the pull T vertically upwards and 
W and P vertically downwards ; 

.-. r= w+p. 

But T= zT„ T^ --■ 2r,, T,= 2T^, and so on, as 
First System. 
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1 Noel, let the 


weights of the pulleys £, C. 
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Then the 
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which can be supported by the w 


eight 


r (f, is (2 - 
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s (2'- 1) IVg] and so on. 
I For (f, takes the poEilion of /' in a system of Iwo pulleys. 

Hence we have the relation between /" and W (the 
Weight which can be supported by weights of the pulleys 
1 P together} is, 
= (2 - r) IV,^{2'~ i) lV^+-.- + {2'-' -i)IV„ + {2'- ,}P. 

168. The student should notice that the First and 
Third Systems of Pulleys are practically the same; the one 
,' is simply the other inverted. 

tit the page be [nverted in either case this statement will tie evident. 
169. This System (I. and III.) is not much used for 
raising of weights ; it is too complicated ; it is however 
;n used on board ships where It is necessary to maintain 
onsiderable tension on a certain rope. 
The Second System of Pulleys is much used for the 
raising of weights in conjunction with the wheel and axle. 
The spare rope as it is pulled in from the pulleys is conveni- 
vcntly coiled on the v 
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•o. I'hc mechanical advantage of a systeiwH 

pulleys is measured by the ratio of the Weight to the Power. ^ 

must not be supposed that any more ■work is done on I 

the Weight than is done by the Power. I 

In the first system, in which {neglecting the weights of I 

the pulleys) fF= z'P, it will be found that for W to ascend I 

foot, F must descend 2' feet. I 

Therefore ffx (distance ascended by fK) = /'n{dis- 1 

tance descended hy P). 1 

This is an instance of the principle that no machine can I 

produce more work than is put into it from outside. 

171. We have assumed that when a string passes round 

pulley, the tensions of the parts of the string on opposite 

sides of the pulley are equal. This will be strictly true when 

the pulley is at rest, provided there is no friction at the axle 

of the pulley and the pulley is perfectly circular. 

For, consider the forces acting on the pulley (not the 
block) in the figure ; the forces all pass through the centre 
of the wheel except the two tensions. 



B tensions may tie supposed to be applied to 
the wheel at M and N, for equilibrium would not 
be disturbed if the string were to become fastened 
the wheel at M and N. 



u, 
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Taking moments about the centre of the wheel we have 
by in. Art. 91, one tension « radius of wheels the other 
tension x radius of the wheel ; therefore the tension^. j 
|ual provided the radii of the wheel are all equal. 
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1 a system of 4 pulleys of An. 1^ s ■ 
ipended from the lovrest poUej, niaX is Ac | 
e pulleys being neglecied ? 

In a. system of pullei-s in aiiicli each pBllejr ham^ faf a 
,)arate string, the power ts lolbs.; miat is the wc^>« Hkk 
i 3 pulleys whose weight may be uo^ecied? 

In the First System of PtiHeys, /*= jSBm. aad W= 16 cwL; 

In a system of three poDeys is arfaidi the saiag Bbicft 
s round any pulley has ooe extremity fixed aad die other 

fastened to the pulley neit above it, a we^bt of IZ lbs. i> 9^ 
pended from the lowest pulley, which wci^s 4 Ox.; the mat 
pulley weighs albs., aodUghest 1 Yb.-, vhai vc^twSI r"**"**^ 
equilibrium? 

5. In a system of pulleys in which each pulley bangs ban 
a hxed point by a separa.te strii^ th^re are two patBeys, the 
upper weighing i lb., the lower 2 lbs. ; what power woold sop- 
port a weight of 3 cwL? 

6. In the system of pulleys in which each paflnr hangs 6«a 
a fixed support by a. separate string, the wngbts c* three iwnie- 
able pulleys are 4 lbs., 5 lbs. and 6 Iha. respectindy ; what wciEht 
will a power of i cwL support ? 

7> Mow many pulleys each weighing lib. must be used in a 
system in which each pulley has a separate string, one enil of 
which is fastened to a fixed support, that a power oif 2 lbs- may 
support a weight of 6; lbs. If the weight be allowed to descend 
1 inch, how much will the power ascend ? 

8. In the system of pulleys of Art. 165, if there are three 
moveable pulleys, the lowest of which weighs ; lbs., the middle 
one 4 lbs. and the highest 3 lbs., and the weight Jis 7 lbs., find 
the power. 

9. If there be 3 pulleys m a system of Ait. 765, and the 
pulleys each weigh IV, find the power necessary to support the 
system when no weight is attached to the lowest poBey ; " 
weight can be suspended from the lowest pulley when the 
Just found is doubled.' 

10. Find the weight of each of 4 equal pulleys in the 
^(Art. 165 that /"may be equal to Jl^when W=t(»Ihs.- 
■ftilem what additional power will support a weight of ■ 
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11. If the strings in a system of 3 pulleys of Art. 165 
tached to a beam at points i foot apart, find the centre of thi 
parallel forces applied by the strings to the beam. 

12. A man standing on the floor pulls at the power end of 
a system of 3 pulleys of the First Sj'Stem ; if the weight be four 
times the weight of the man, what is the pressure of his feet on 
the floor (neglecting the weights of the pulleys) ? 

13. If there are 3 pulleys (in the First System) of equal 
weight, find the weight of each pulley in order that a weight of 
56 lbs. attached to the lowest pulley may be supported by a 
power of 7 lbs. 14 oz.? 

14. If in the First System there be three pulleys each of 
weight wand W^iP\ find 

15. In the system of pulleys in which there is only one 
string and there are 9 puOeys, the lower block containing five 
pulleys and weighing 10 lbs., what force will support a weight of 
icwt? 

16. The cable b;^ which Great Paul, the bell weighing 
18 tons, was lifted to its place in the Cathedral tower, pass^ 
four times through each of two blocks of pulleys ; find the lowest 
possible breaking strain of the cable. 

17. In the system of pulleys in which one string only is 
used, the string is fastened to the lower block, which weighs 
6 lbs. and contains 3 pulleys, what weight will a power of 10 lbs. 
support f 

18. If in the system of the last Question the weight is I ton 
and the end of the string to which the power is usually applied 
is fastened to the lower block, what will be the tension ? 

19. What weight can be supported by a force of z lbs. by 
means of a system of 8 pulleys, 4 m one fixed block and 4 in a 
moveable block, the string passing over all of them when the 

I lower pulley weighs 1 lb. ? 
rou; 
; 
onl] 
pari 



In the system of pulleys in which the same string passes 

round all the pulleys the weight of the moveable block is 5 lbs., 

and the fixed and moveable block each contain two pulleys ; find 

I what weight a power of i cwt. will support. 

Shew that in the system of pulleys in which there 
I only one string the tension Is least when all the strings 
parallel ; shew also that all the strings cannot be parallel 



here is j 
' gs are j 
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How many times his own weight can a man raise with 
' two blocks, one containing 4 pulleys and the other 5, each block 
weighing i\[th of the man's weight? 

a weight of i ton by means of two blocks 
each containing three pulleys each weighing 10 lbs. ; find the 
pull on the beam from which the upper block is suspended, and 
the least weight of the man ? 

n the Second System of Pulleys, unless the 
3 of the weight of the lower block to the suspended weight 
be less than the number of strings in the lower block diminished 
by unity, there is no mechanical advantage. 

Third System. 

25. In the system of pulleys in which each pulley has a 
separate string, one end of which is attached to the weight, if 
the power be 8 lbs. and the weight of the pulleys neglected, 
what is the weight when there are three pulleys ? 

26. If in the Third System there be three pulleys such that 
the weight of each pulley is equal to the power, shew that the 
power will support a weight 1 1 times as great as itself 

27. Shew that in a Third System of two pulleys, if each 
pulley weighs i lb., a power of 3 lbs. supports a weight of 10 lbs. 

28. In a Third System of pulleys, if the weights of the 
pulleys are i lb., 2 lbs., 3 lbs. respectively, find the greatest weight 
and the least weight which can be kept in equilibrium by 
a power of 7 lbs., it being understood that the pulleys may be 
arranged in any order. 

29. In the Third System if the weight be i cwt. 1 lb., and 
the power be 15 lbs. (neglecting the weight of the pulleys), what 
is the number of the pulleys ? 

30. In the system of pulleys in which each string is attached 
lo the weight, there are three moveable pulleys of weights iVi, 
■ai,. Wj, and the force P then balances a weight W ; when 

first and second pulleys are interchanged then a force F 
W\ shew that F -P=^-{w^-w^. 



K first and second 
laces W\ shew t 
M. There is one 



The Smooth Inclined Plane. 



172. An Inclined Plane is a rigid plane makings 
■finite angle with the horizon. 

When the inclined plane is used as a machine in whidi 
I all the forces acting are in one plane, this plane is a vertical | 
I plane perpendicular to the intersection of the inclined plane 
I with the horizon, and therefore cutting the inclined plane in 
I a, line of greatest slope. 

3. The representation on paper of an inclined plane 
S the section made with it by the vertical plane in which all 
I the forces are supposed to act. 




1 the figure AB is a line of greatest slope O 



Thus i: 
;^]ane. 

An inclined plane is often supposed to be of a finite 
ij length AB, in which case the lines BC and AC being 
drawn vertically and horizontally through B and A, BC ia 

t called the height and ^C is called the base. 
r74. In the present Chapter we shall suppose the 
inclined plane perfectly smooth; so that it can only apply 
to a body a pressure in the direction perpendicular 
surface. 



only apply 
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175. To find the relation between (he Tower and t/is 
Weight, when the Power is parallel to the plane. 

The Weight W is tlie weight of a body placed on the 
plane acting at G its Centre of Gravity. 

The Power /" is a force applied to the body by a string 
or otherwise up the plane parallel to it. 




Let Ji be the pressure of the plane on the body. 
Ji is therefore a force perpendicular to the plan 
on the body through its Centre of Gravity. 

These three forces W, P, R which act on the body 
are in equilibrium. 

Let a be the inclination of the plane to the horizon. 
Taking the resolutes along the plane, of all the forces, 

ehave »'sina = ^ (i). 

I Taking the resolutes perpendicular to the plane, of al! 
p forces. 



'''•^l 



■ have 



Ifci 



..(ii). 



■Aitud plane is te its base as 5:11; 
\t vihith mill support a Weight of 



amifile. The height of an it 
^ the Power parallel ta the pla 



t L« the height CB of ihe plane = 5m., then the baae^C^iim. 
i the length ^SL,V(ii' + 5')ni., that is 13 m. [See fig. on p. 144.] 
Now ^U equal to the lesolute of If along the plane; that is. 



■. /'=A"f .. 



76. PROP. To find the relation hetiveeni/ieVov.-a aid 
the Weight, when the Power maka any given angle ^ with Ik 
inclined plane. 




Let IV be the weight of the body on the plane; let P ^ 
be the Power; and let R be the pressure of the plane or 
body. 

Then the forces W, P, R are in equilibrium, therefore 

sum of their resolutes parallel to the plane is zero. 

ff'sina-/'co5|8 = o (i). 

The sum of their resolutes perpendicular to the plane is 



Wcosa 



-R-Psi 



■ (^)- 



j? = fFcosa-/'sin/5 



ircos(a+^ 



For InBtance ; 



Let Psxil horizonlally, then p = 
P- W\.m a, 



% 



EXAMPLES, 

Prove that when a body 



XXV. 



kept in equilibrium on a 
smooth inclined plane and the power acts along the plane, the 
Power is to the Weight as the height of the plane is to the 

2. When a body is kept in equilibrium on an inclined 
plane and the power is horizontal, then the Power is to the 
Weight as the height of the plane is to ihe base. 
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If the inclination to the horizon of a plane be 60°, find 
! force which acting horizontally would support a weight of 

weight of 12 lbs. resting on a smooth plane at an 
Igle of 30° to the horizon is fastened to a cord which passes 
I the plane and over the top; find what weight must be 
tached to the cord to preserve equilibrium. 

Find the inclination of a plane on which a horizontal 
will support a weight equal to itself 
Find the inclination of a plane on which a power parallel 
B the plane will support double its own weight. 

The angle of an inclined plane is 30°, and a force P 
Iting horizontally keeps a weight in equilibrium ; if P acts in 
■"rection making the angle 30° with the plane and above it, 
w that it will still maintain equilibrium and that the pressure 
E. the plane will be reduced one half. 

AB, AC are two smooth planes inclined to the horizon 

at 60° and 30° respectively; a weight P on AB and a weight Q 
oa AC are connected by a string which passes over a pulley at 
A. If P and Q are in equihbrium, what is the ratio of their 
weights? 

9. An inclined plane makes the angle 30° with the horizon, 
and a weight W is supported on it by a force P such that 
2f = ft" ; in what direction does P act ? 

10. An inclined plane makes the angle 45° with the horiion 
and iW^=iP^\ in what direction does /'act? 

11. The Powers, which when acting horizontally and parallel 
to the plane respectively will support a given weight, are in the 
ratio of 2 to I ; what is the angle of the plane? 

12. A body weighing 9 lbs. is in equilibrium upon an 
inclined plane under the action of a horizontal force of 3V3lbs.i 
what is the inclination of the plane and the pressure on it? 

13. A heavy weight is fastened by means of a string to a 
fixed point, and rests on a smooth plane inclined to the horizon 
at an angle 30°, the direction of the string making an angle 60° 
with the horizon ; shew that the tension of the string is equal to 
the pressure on the plane. 



A weight 2P is kept in et[uilibrium on an inclined plant 
by a boriionta! force P and a force P acting parallel to thi 
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plane ; find the ratio of the base of the plane to the height aad 
the pressure on the plane. 

16. Two planes AB, AC having a common height are 
inclined to the horizon at angles a and 3 respectively. Two 
weights, one on each plane, are kept in equilibrium by a string 
attached to the weights and passing over A. Find the ratio of 
the weights. 

17. A power P acting parallel to the plane can support W, 
and acting horizontally can support W ; prove that 

18. A railway train of 160 tons is supported on an incline 
of 1 in So by means of a rope parallel to the plane; find the 
tension of the rope. 

19. If J? be the pressure when P acts horizontally, and R 
when it acts parallel to the plane, then RR—W^. 

20. If a horizontal power P supports W, and P' parallel lo 
the plane supports iV, then ^b - -4 = 77?^ ■ 



The Wheel and Axle. ^^^H 

177. In this machine the axle is a fy^/Wer with a fixed 
axis, and the wheel is fixed to the cylinder and turns 
about the same axis. 

TbuE in the fi^ie, a rope coiled round the cylindei B supports * 
weight W; and a cord coiled round the wheel in the opposite direction 
supports a weight or force P. 
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The forces acting on the rigid body composing the 
ind axle are not all in one plane, nor are they sym- 
Jetrical about any one plane; therefore their theory is not 
■roperly within the scope of this work. 

We shall assume however that the force applied by the 
c to the axle at B acts just as if it were in the plane of 
s wheel; as in the second figure. 

With this assumption the theory is simply that of a rigid 
dy acted on by forces in one plane with one point (the 
aitre of the wheel), fixed. 

179. PROP. To find the relation between the Power 
and the Weight in the Wheel and Axle. 

Let the plane of the paper be the central plane of the 
wheel and let C be the centre of the circle in which the 
wheel cuts that plane. 

Let the cord passing round the wheel touch this circle 
at A, and let the rope passing round the axle touch the 
axle in B. 

Let R be the radius of the wheel and r the radius of the 
axle. 

Then we have by Art. 91, III {the only necessary con- 
dition of equilibrium, since the point C is fixed) 

W-*.r^PxR, 
OT IVx radius of axle = Px radius of wheel. 

180. It will be seen that the practical effect of the 
arrangement of the wheel and axle is, that it is a kind of 
continuousleverofthefirst class— the axis is the fulcrum; the 
radius of the wheel is the longer arm ; the radius of the axle 
is the shorter arm of the lever. 



r 
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EXAMPLES. XXVI. 

Shew that the power may be applied to the wheel in any 
direction provided its magnitude is unchanged and provided it 
is kept always perpendicular to the axis. 

2. Shew that if the weight is n times the power in the wheel 
and axle, then the cords round the wheel must be unwound 
n feet in order to wind the rope i foot round the axle. 

3. Four sailors each exerting a force capable of supporting 
Il61bs,, lift an anchor by means of a capstan, whose riidius is 

1 ft. 2 in. and whose spokes are 8 feet long (measured from the 
axis) ; what is the weight of the anchor ? 

4. To raise a hlock of stone of i ton a single pulley is used at 
the top and a windlass worked by two men at the bottom j if the 
crank of the windlass is 3 feet and the radius of the axle 4 inches 
what force perpendicular to the cranks must each man exen at 
the least? Does it make any difference if the direction of the 
chain passing from the pulley to the windlass is not vertical? 

5. If the string from an axle of radius 3 inches passes round 
a moveable pulley and has its end lixed to a beam above (that 
part of the string which does not touch the axle or pulley being 
vertical) and if a weight of 2 tons (fastened to the moveable 
pulley) is supported by a power of i cwt. {applied to the wheel), 
find the radius of the wheel. 

6. The radius of the wheel is 6 feet, the radius of the axle 
6 inches; a weight of 8 lbs. is fastened to a rope coiled round 
the axle and a weight of 4 lbs. is fastened to a rope nailed to the 
rim of the wheel ; find the position of equilibrium. 

7. In what direction must the power act in order that the 
pressure on the axle may be (i) the least possible, (ii) the greatest 
possible ? 

S, If the axis of the axle do not coincide with the centre of 
the wheel, shew that the sum of the weights which are the 
greatest and least with which a given power can be in equili- 
brium is double the weight which this power would support if the 
axis of the same wheel did coincide with the axis of the axle. 

9. A wheel is made square, the side of the square being 

2 ft. ; the axle is round and its radius is 3 inches ; find the 
position which the machine will assume when the weight is 5 lbs. 

k and the power i lb. 



the screw. 

The Screw. 

i8i. The screw may be described as an («i://«ei;^//(7«i; 
wound round a cylinder. 

Take a piece of papec in the form of a right-angled triangle ABC 
as in Ihe figure and wind it round a cylindrical pencil; the slant side of 
ihe triangle will give the trace of a screw on the surface of the pencil. 



1 




wliich tends lo make it turn about its a,yCvA. 
The thread of the screw is fitted into a counter 
part so that as the screw turns, the cylinder 
on whicli the screw is traced moves in the 
direcrion of the axis of the cylinder. 

If we suppose the screw perfectly smooth, 
and assume the principle of Work (vi?. that 
what is lost in force is gained in distance), we 
can find the relation between P and W. 

183. Let a force P be apphed at the 
end of a lever, whose arm is / inches long, so 
as to cause the screw (o tend to turn; and sup- 
pose this tendency to turn to be counteracted by a pressure 
W against the head of the screw, opposing its consequent 
tendency to move parallel to the axis. 

tNow suppose the distance between the threads of the 
screw to be n inches; then for each complete turn of the 
iecrew the axis would move forward n inches ; 
also, if the axis were vertical and a weight W'' rested on 
each complete turn of the screw would raise Wa height 
m inches. 



■f the 

on it, k 

;hto£^ 



2 STATICS. 

But in doing this, the force P, applied at right angles to 
; lever, would have to work through the whole circum- 
ference of the circle of radius I inches; that is, it would have 
to work through the distance aw/ inches. 

Therefore, by the Principle of Work, viz. that in a 
machine in which the constraints are all smooth, the woit 
done on the machine is equal to the work done by the 
machine, we have 




\. The figure here given shews a combinatiotfH 
I wheel and screw which will help the student to understand, 
I that while IV works through the distance between two 
I threads of the screw, the distance which F works through 
I is the circumference of the wheel. 

Suppose a cord coiled round the wheel, and a weight of /"lbs. 
i «ttached to il ; for each complete turn of the screw, this weight P would 
F descend a distance equal to the circumference of the wheel ; that is, 
f it would descend about twice V"" of 'lis radius (iir/). 
In the figure CD^l, AB = n. 
The work done by /"is thus iir/x P. 

The work done on »'= Wx distance between two llireads = ii x tV. 
By the principle of the indeswucliViWtv o^ ■«aiV\«ie. Djnanwct, 
* f<fs} ("since iJie pressures of the < 
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Example, What must be the length of the power arm of a screw 
having 6 threads to an inch that its mechanical efficiency may de 2i67 

The mechanical efficiency of a machine is the ratio of the Weight to 
the Power. 

In the screw Px2Tr times the power arm= PFx distance between 
the threads ; 

/. 2ir times the power arm = 2 16 x |^ of an inch. 

Take tt as =^; then 

the power arm = -p inches = loi inches. 

6 X 44 i 



EXAMPLES. XXVn. 

1. In a Screw the circumference of the circle described by 
the extremity of the power arm is 2 feet and the distance 
between the threads J in. ; what weight will a power of 28 lbs. 
support ? 

2. If in a Screw the power arm is 2 ft. long and the distance 
between the threads i inch, what power will support i ton? 

3. If the mechanical advantage of a Screw is 1000 and the 
length of the power arm is 25 inches, what is the distance 
between the threads? 

4. If the extremity of the power arm describes a circle of 
10 ft. and a force of i lb. supports i ton, what is the distance 
between the threads of the Screw? 



CHAPTER XIV. 



The Transmissibilitv c 



1S5. The conditions of Art. 91 for the equilibrium of 
forces acting on a single rigid body shew, that when two 
I forces act on a rigid body, these two forces are in equi- 
Ubrium provided they are equal, opposite, and in the same 
iitte of action. They may each of them be applied lo the 
rigid body at any point whatever, provided the points of 
application are in their line of action. 

Therefore, the statical effect of a force on a rigid body is 
not altered when its point of application is transferred from 
one point to any other point in its line of action. 

The force must be applied to lie rigid body; but we may, if we 
;, suppose the Hxtenl of ihe rigid body to be increased by a system 



of tight rigid tods, st 



o include points outside it 



The above result is usually referred to as 
the Principle of tlie Transmissibility of Force. 

i^ Iransmitted ihrougli a rigid 

: set np by ibe force; and, >I- 

extemal eifect of a force o 

s applied, i 

il Ihe foil 



I The student must notice ihnl Fo 
body by the internal stresses which 
though it makes no dilference 
'rigid' body, at what point in 
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186. In order to avoid any reference to the Dynamical 
Proof of the Parallelogram of Forces, many treatises on 
Statics assume the truth of the above principle and deduce 
ihe parallelogram of forces from it. 

187. The usual proof is given here, as it is interest- 
ing historically, and is a very ingenious piece of inductive 
reasoning. The student of Statics is recommended, when 
he has satisfied himself of its logical correctness, not to 
bestow further thought upon it; it illustrates no mechanical 
principle — its interest belongs to the domain of history 
and of pure mathematics. 

188. The proof depends (i) on the Principle of the 
Transmissibility of force and (ii) on the assumption that 
the resultant of two equal forces acting at a point bisects 
the angle between them. 

Drnption is justified by the remaik that two equal forces are 

r aymmelriral about the line bisecting the angle between Ihem — so that 

ivident, that if two equal forces haji a resultant on one side of this 

, bisecting line, they would also have auotliec resultant on the other side 

or this linc;in which case two forces would have two separate resultants; 

which is impossible. 

Now, when a parallelogram has two equal adjacent sides, 
its diagonal bisects the angle between them. 

It follows therefore that the parallelograra of forces is 
I true as far as regards the direction of the restiltanl, when the 
[ two forces are equal. 

We proceed to shew that the parallelogram of 
s is true as far as regards the direction of the resultant 
T any two forces 



Prtef. AMume that the proposjtioi 
\n\f) for two chosen fnrcch P an>l Q : 
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Assume also that the propasilion is true (as reguds dira/ien onlf) 
for the force /"and another chosen force T; 

We proceed to shew from the principle of the Iransmissibilily of 
force thai on these assumptions it is Irae for the forces 7* and (6+ r). 




Let the forces be applied to a rigid body. 

Let O be the point of application of the forces. 

Let the force /'act along OA and let Q and ract along OB. 

Let OA, OB represent /"and in mBgnitude; produce OB to D, 
so that BD represents Tia mngnittidc. The force T, which is applied 
at O, maybe supposed (without altering its statical effect] to be applied 
to the rigid body at any point in the line OBD; [Art. 185.] 
we shall suppose that it is applied at B. 

Complete the parallelogram AOBC. 

The resullanl of P and Q, by our assumption, acls in the lint OC. 

Also, by the principle of transmissibility, this resultant may be sup. 
posed to be applied to the rigid body at any point in OC. 

Let it be applied at C. 

This force, which is the resultant of P and Q. is now applied at C; 
but we should get the same effect if we replaced this resultant by two 
forces equal and parallel to P and Q, acting on the rigid body at C. 
Let this be done. 

The forces now acting on the rigid \ie>Ay are P and Q at C, (their line* 
of action being flC and AC), and Tat .S, (its line of action being i'Z)). 

But Pat C may be applied to the rigid body at any point in its line 
^ of action : let it be applied at B. It is then represented in direction 
Iknd uiagnilude by BC. Complete the parallelogram CBDG. 
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Then, by our assumption concerning P anJ 7", BG is the line of 
aclion of the resultant of P and T\ and, as before, this resultant may be 
sapposed to be applied to the rigid body at any point io BG. 

Suppose it applied at G; and ihen replaced by its two components 
P and T, which are thus now applied at G. 

Q is applied at C and ita line of action 13 CG; it may therefore be 
considered to be applied to the rigid body at G. 

Thus, finally, our three forces P, Q and T, originally applied to the 
rigid body at O, are shewn to have the same statical effect on the rigid 
body when they are supposed to act at G instead of at O. 

But suppose we replaced P, Q, 7" when acting at O by their result- 

ant; and also when acting at C. 

^^k Ttiis resultant can be supposed to be applied at any point in its own 
^^Hffle — and at no point not on that line. 

^^K But we have shewn that the resultant may be applied at C; :. the 
^H^oe OG must be the line of the resultant of P, Q, Tacting at O. 
^^V But OG is Che diagonal of the parallelogram whose sides represent 
^BiandQ-t-r. 

^^f Hence we have this reBVlt; if the proposition be true as regards 
I Jiree/ian for two chosen forces P and Q, and also for P and another 
chosen force T, then it must be true as regards dirMion, for the forces 
PmA{Q+T). 

From this result we proceed to deduce the truth of the parallelogram 
L.of forces as far as the dirtction of the resaltant is concerned, 
m, choose 2 = /" and T=P. 
We know the proposition to be true for two equal forces /"and F, 
\9lA for P and P; therefore by the above result it must be true for P 
d {P\PY, that is. it is true for P and ■\F. 
Hm* (making use of the above result), choose Q = iP,a.aA T=P. 
Therefore it is true for P and (3/'+ P) ; and so on. 
Therefore it is true for P and nP. 

Aj tMEore, we can now shew it to be true for iP and i:P, and 
IB for ritP and hP. 

Therefore it is true for any two commensurable forces. 
It must also be true for two incommensurable forces ; for we can 
1 two commensurable forces which approximate as closely 
wo incommensurable forces and the proposition is 



Ttwtefbre the proposition is true generally. 



trufl^^^J 
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90. The above proof of the Parallelogram of Forces 

, as far as regards direction is l;nown as Duchayla'B PraoC 

We proceed to shew that if the proposition be Inie for 

direction it must he true for magnitude, and conversely. 

These proofs depend only on the principle that when 

I three forces acting at a point are in equilibrium, any one of 

I them is the anti- resultant of the other two. 

:9i. PROP. Assuming that the diagonal OC of the 
I faralhlogram OACB indicates the direction of the resultant of 
1 any two forces OA, OB, prove that it must also represent 
I the magnitude of their resultant. 

Since OC is in the direction of the resultant of the 
I forces OA, OB ; therefore some force in the direction OC, 
\ where C'is a point on CO produced, must be in equihbrium 
I with the forces OA, OB. 



I 



Let OC represent this force. 

Then OC represents the anti-resultant of OA^ OA 
I magnitude and line of action. 

Complete the parallelogram OAEC. 
Then since OA, OC are two forces and the parallelo- 
I gram OAEC has been completed, therefore OE is the 
I direction of the resultant of OA, OC. [Hypothesis.] 

But since OB is in eqttilihrium "n'a\v OA, OC , ■CssKtisSsKtt 
S* J5 eguai and oppositi to fhe reau\Xa.tiV ol OA, OC . 
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■ Hence BOIL is a straight line. 

Therefore 0£ ts parallel to AC (since 0£ is parallel 
to OC) and AE was drawn parallel to COC. 
Therefore OEAC is a parallelogratn, 

and OC=£A, which is equal to CO [constr.]. 
That is, OC represents the magniiude of the resultant of 

OA, OB. Q.E.D. 

igz. PROP. Assuming that the diagonal OC of the 
parallelogram AOCB represents the magnitude of the i 
sullant of any two forces OA, OB, prove that it must also 
indicate the direction of their resultant. 

Draw OC to represent in magnitude and direction that 
force which is in equilibrium with OA and OB. 

Then we are to assume that OC - OC, 
and we have to prove that COC is a straight line. 
Complete the parallelogram OAEC. 
Then, since OB is in equilibrium with OA, OC, 
equal in magnitude with the line representing the resultant 
of OA, OC. But, since OE is the diagonal of OAEC, 
0£ is equal to the resultant of OA, OC; .: OB-OE. 
_ Also by construction OB=AC. 
L Therefore OE^AC. 

^L Again, since OAEC is a parallelogram, 
^B AE^OC, 

^^Bd OC ^ OC by construction. 
^^perefore EA^OC. 

^H| Hence OACB is a fouf-sided figure with its opposite 
^^Bdes equal; therefore it is a parallelogram. 
^H Therefore OCand CO are each parallel to EA. 
^H TViai is, COC is a siridghl \iT\e. t».- 



P3. We here give the proof of the result of A 
which depends on the principle of the Transmissibility rf 
Force, and in Ait, 197 we deduce the equivalence 
couples of equal moment from the result. 

H- ^ fi'^^ 'he TisuUant of two like parallel JsTCn j 
acting on a rigid body. 

Let A, B be the points of application of the two parallel 1 
forces P and Q; let AH, AK represent them in direction ] 
and magnitude. 



' y 

Let two equal and opposite forces each of magnitude S 
be applied to the rigid body along the line AB. 

Let AL represent one force S and BM represent the 
Other force S. 

Since the body is rigid these two forces will not alter the 
external effect of the forces P and Q. [Art. rSs.] 

Complete the parallelograms HALT, KBMN. 

Then, since the angles HAB, KB A are together equal 
to two right angles, the angles TAB, NBA are together 
greater than two right angles. Therefore TA and NB will 
if produced meet on the other side of AB. 

Let them meet at 0. 
Draw (ST parallel to AH ox BK,xo evA Al 
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Now the two forces AH, AL may be replaced by the 
force AT; which may be supposed to act at 0; and may 
there be replaced by two forces equal and parallel to AH 
and AL ; that is, to P and i'. 

Similarly, the two forces B/C, BM may be replaced by 
the force BN; which may be supposed to act at O; and 
may there be replaced by two forces equal and parallel to 
BK, BM; that is, to Q and S. 

Thus finally, instead of the two forces P, Q applied to 
the rigid body at A and B respectively, we now have the 
four forces applied at O; namely two equal and opposite 
forces each equal to S, and two like forces P and Q acting 
in the line OC; the two forces each equal to S are in equi- 
librium and may be omitted. 

Hence, the resultant of the two like parallel forces, is 
a single force acting in the line OC parallel to the two 
forces, and applied at any point in OC; also its magnitude 
,.is P+Q- 



Now the triangles 


i MATmA COA : 


ire similar, 




AH 
■■ HT^ 


OC 
' CA' 
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that is, -p ^ 


OC 
CA' 
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!0 the triangles KBN, COB are 


similar, 
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■' bm:~ 


CS 
OC 
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P s 


OC 
"CA ' 


CB 

'oc 








- f 


CB 

' CA' 


that is 


, Pk 


CA.Q_^ 


CS. 


L.S. 
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195. PROP. To find the resultant of two uniike parM 

tes acting on a rigid body. 

With a similar construction, the proof is word for word . 
the same as that of the last proposition; except that -^ 7 j 
and BN do not in this case always intersect ; the exceptioD | 
being when P= Q. 




?he resultant will be the 'sum' of the two forces; 
which, as the forces are unlike, will numerically he equal to 
their difference, and will act in the direction of the greatei 
force. 

The figure given is for the case in which Q is greater 
than P. 

For when Q is greater than P, since BM- AL, the 
angle NBM is greater than LAT; that is, than OAB; so 
that OBA is correctly drawn as a triangle. 

When the forces P and Q are equal and unlike the lines 
AT, NB in the above figure are always parallel, and the 
construction fails. In fact, in this case P and Q together 
form a couple and are not capable of a single resultant. 
In Art. 197 below we shew that a couple can be c 
acted by an equal and opposite couple. 



PARALLEL FORCES. 
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196. PROF. To prove that the sum of the moments of 
any two parallel forces about any chosen point in their plane 
is equal to the moment of their resultant about the same point. 

In the figure let F and Q be the forces and R their 
resultant ; let ^ be the chosen point. Draw OACB cutting 
the lines of action of the forces FQR in A, B and C 

Then FxAC=Qx CB and R = F-^Q. [Art. 194.] 




Now 
FxOA-^Qy>OB = Fy.{OC-AC)-^Qx{OC-¥CB) 

= {F+Q)xOC-FxAC+Qx CB 

= Rx OC. Q. E. D. 

197. FR OF. To prove that two couples in the same plane 
whose moments are equal and opposite are in equilibrium. 

First, let the forces -P, F* and Q, Q of the couples be 
parallel and equal 



?' 




6 



B' 



9' 



Then, if a line ABA'B' cuts iVve \m^^ ol ^cxSssi:^ ^^ n5^& 
forces respectively in A, B and A, S isXix^-^^^^^^"^^^^"^ 



^^- 



» 
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the forces are equal and the moments equal, the 
arras of the couples must be equal. 

.-. AB = A'B'; the resuhant ai PQ is P^ Qt 
C the middle point of AB\ and is equal and 
the resultant of QF which acts at the middle B 
which middle point coincides with that ai AM 



L 



r 1 



Hence a couple may be moved parallel to" 
one position to another in its own plane, withou 
its effect upon a rigid body. 

Next, let the forces P and 2 be parallel bul 
By what we have just proved one of the cou[ 
may be transferred to a position in its own plane 
^^^_ is in the line of action of Q. Let this be done,, 

w 

r that 



Then the forces at A are equivalent to P— 
bid the forces will be in equilibrium provided I 

P ■<AB=Q'^AB'; 
that is, provided the moments of the couples a 
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couple may be replaced by any couple in its 
plane of equal moment, whose forces are parallel to its 
n forces. 

Lastly, let the couples not have their forces parallel. 
By what we have just proved, one of the couples may 
replaced by another of equal moment having its forces 
■allel, so that the forces P, P' of this new couple are 
the forces Q, Q of the second couple. 
Let the forces /", Q intersect in A aod P\ Q' intersect in B. 
Draw AN, .^jJ/" perpendicular to P', Q respectively. 
Then, since the moments of the couples are equal, 
.-. P*AN=QxAM;bnt.P=Q; .-. AN=AM. 
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Therefore the right-angled triangles ABN, APM are 
iqual in all respects ; 

Hence, AB bisects P'BQ', and also bisects the exterior 

igle PAQ; and .-. also BA bisects the angle PAQ itself. 

Therefore, since P' = Q and P= Q, the resultant of P' 

and Q is equal and opposite to the resultant of P and Q. 

For the resultants are equal and each of them acts in the line A3 

[bisecting each of the angles FJQ. F.-IQ'. 

5, the two couples are in etjuthbrium. 
Hence any two couples in the same plane whose 
moments are equal, have the same eifect on a rigid body. 
The results of this Chapter all follow at once 
[om Art. 91. But we have here given the proofs which 
■ usually given in books on Elementary Statics, sinC' 
Wy are often asked for in Examination Papers. 



CHAPTER XV. 



199. We propose in this Chapter to consider the nata 
of the stress set up between the surfaces of two separate 
rigid bodies which press the one on the other. 

200. We shall confine our attention to the case of a 
fixed plane and a. body placed upon it. 

zoi. When a rigid body has one of its surfaces in con- 
I tact with a fixed rigid plane, then, so long as the surface 
I remains in contact with the plane, the only motion of which 
I the body is capable is in some direction parallel to the 
I plane. 

For, whatever may be the forces acting upon the body, 
I the plane, being rigid, can and does exert upon it whatever 
* force is necessary to prevent motion in the direction per- 
pendicular to the plane. 

This force, applied by the plane to the body in the direction per- 
pendicular to its surface, Is cMiual a.nd opposite to the p 
^ prsKnure of the body on the plane. 




^^^ PRfCTIOf/. 

^P 202. If there were a rigid substance whose surface could 
"^ made perfectly smooth, then in all probability the pres- 
^**"e applied by such a surface to any other surface pressing 
gainst it would be exactly in tht direction at right angles to 
^c smooth surface. 

Allbciugh no such substance is known, yet it is often convenient to 
^**agine such a substance for the purposes of theoretical statics. For 
**!« surfaces of sorne substances can be rendeied very much more smooth 
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^-han those of others, and hence we obtain results which ^ 



\ approxi- 



■^lately true for surfaces which ate comparatively smooth. 

Moreover, for the purposes of explanation, we at first make our 
problems as simple as possible; advancing from the simple problems of 
theory to the more complex problems of practical mechanics. 

Accordingly we use the words smooth and rough in the following 
technical sense. 

203. DEF. A surface is said to be smooth which is 
understood to be capable of exerting pressure on any other 
body in contact with it only in the direction perpendicular to 
itself. 

204. DEF. A surface is said to be rough which is 
capable of exerting pressure on a body in contact with it 
in otlur directions besides that perpendicular to itself. 

It will be seen that a smooth surface may be said to be 
one which offers no resistance to the motion along it of a 
body which is pressing against it. 

A rough surface does offer some resistance to the motion 
along it of a body pressing against it. 

205. DEF. A perfectly rough surface is one which 
\A% capable of offering whatever resistance may be necessary 

J prevent the motion along it of a body pressing against 




Thus a ftr/tctty rough surface is a theoretical surface along wMcb 
s pressing on it cannot move. 



1 
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:6. It is as we have said impossible to get a surface 
h as defined above. It must however be understood 

that when we speak of a 'rough' plane surface we mean a 

surface which has been made as nearly smooth as the nature 

of the substance will permit. 

r instance, if tlie material is of metal it is understood Chat the 

surface has been carEfully polisiied ; if o{ wood, that it has tieen planed; 

if of slane, tbat it h^ been rubbed dawn, and brought to as smooth i 

•nrface ss the particular kind of stone will allow. 

)7, Consider now the action between a fixed 'rou^' 
plane on a body pressing against it. 

Since the plane is rough the force applied to the bodyii 

necessarily perpendicular to the plane. 

We resolve this force into two rectangular components, 

one at right angles to the plane, the other along the plane. 

he component force at right angles to the plane is 

called the pressure between the plane and the body. 

The component force along the plane is called the 
flrlctiou between the plane and the body. 

The fticlion is the part of the action of the plane on the body which 
prevents the movement of the body along the plane. 

When a body is at rest on a fixed plane the action of the plane upon 
is equal and opposite lo the resultant of all the external forces acting 
1 the body. The iriction is therefore equal and opposite lo [he part of 
e external forces which tend lo cause motion of the body on the plane. 
ence we have the following definition. 

2o8. DEF. When a body rests on a rough plane and 

trees act on the body tending lo cause it to slide along the 

plane, a force is called into play which acts on the body 

jn the direction contrary to that in which it tends to move, 

id tends to prevent motion. 

This force is called Friction. 



I 
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The General Laws of Friction are 

I. Friction always acts on a body in the direction 
exactly opposite to that in which it tends to move along the 
surface on which it presses. 

II. When there is no relative motion, the amount of 
friction which is called into action is just as much as is 
necessary to prevent relative motion — and no more. 

Example i. A -mass of weight W rtsts on a rough horizontal plant ; 
it is /Hilled in a certain direetinn by a horviontal force of V lbs.; the 
does Hol move. Why is this P 

The mass is uniJer the action of the foUowing forces : 

(i) its own weight downwards, 

(ii) the pressure i>f the plane on it upwards, 

(iii) the force P horiiontally, 

(iv) the force of friction, acting between the surface of the 1 
and of the plane; this force is horizonlal and must be equal to the only 
other force acting, namely P lbs., and must act in exactly the opposite 

If the plane in the present case were perfectly smooth, in other 
wDT<!s. if we suppose friction not to exist, it is clear that the force 
P would cause the mass to have an acceleration in its own direction. 

Example ii. A heavy mass resting on a horizonlal plane is acted on 
by a force of \VaS,. linaards Iki North and a, force of ^Thi. towards the 
iVest. The mass is kept at rest by the friction between itself and the 
What is the force of friction called into play ? 
e resultant of the two hoiizontal forces is a force of 5 lbs. acting 
/ection somewhere about N.W.N. 

le force of friction must therefore be a force of 5 lbs. acting eiaclly 
^^a»te to this resultant. 

2 10. A little thought will enable the student to under- 
stand liow great a part friction plays in practical mechanics. 

It is friction which keeps the furniture of a room in its place; which 
enables us to walk and move al will. It is interesting lo try and realize 
for a moment how different the world would be if this force of friction 
ceased to act. The student will find that very fi;w problems would then 1 

^^^tieal problems. Almost every problem which coutd be propose4^^H 
^^■ilaliics would necessarily involve motion. ^^^H 




Limiting Friction. 

2 11. It is most important that the student should 
realize that in any particular case in which there is no 
motion, the amount of friction which is called into play is 
only just so much as is necessary to prevent sliding motion. 

In most cases however if the force tending to cause 
sliding motion be increased, it will be found that there is a, 
limit to the amount of friction which can be called into 
play. So that when the amount of friction necessary to 
I prevent sliding motion is greater than a certain amount, 
the surfaces slide the one on the other, 

12. Illustration. Suppose we take a plane such as the 
surface of a piece of board. Let the board have a hinge so 
that it can be lilted up at different inclinations to the horizon 
and let its surface be made as smooth as the nature of the 
tance of which it is made will permit. 
Jow take a rigid body such as a cubical lump of iron ; 
let its face be made as smooth as possible and let it be 
placed without restraint on the plane. 
First let the plane be horizontal. 

The body will be at rest; as the only forces acting upon 
it are its weight downwards and an equal pressure of the 
plane on the mass upwards. 

Next let the plane be lilted up so as to make a small 
angle {6) with the horizon; and suppose that the body stfll 
remains at rest. 

The forces now acting upon the body are its weight 
vertically downwards and the action of the plane on it; 
these two forces must be equal and opposite. Hence the 
. action of the plane on the body must still be vertical 
le action is no longer perpendicular lo the plane. 



alj UuJ 

J 
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We resolve this action inio two rectangular components, 
(l) perpendicular to the plane, which we call the pressure 
{F), (ii) along the plane which we call the ftictlon {F). 

These two (i) pressure (P), and (ii) friction {F), are the 




rectangular components of a constant vertical force up- 
wards, equal to ( W) the weight of the body. 

It will be seen from the figure that as the angle of in- 
clination i9 of the plane is increased R diminishes and F 
increases. 



For R^Wa 



F^ fFsin B, 



Hence with a small inclination of the plane the ratio 



R 



is small, but this ratio increases with B and it can be made 
as great as we please {for tan 90° = 00). 

Now it will be found (if the experiment be performed 
carefully) that with a plane made of any chosen kind of 
material, say box wood, and a body of any other chosen 
laterial, say soft iron, motion will always begin when (9) 
'tfie inclination of the plane reaches a certain magnitude (a). 
That is, when the ratio of -5 attains a certain maximum 
value (tan a). 

It will be found that provided the surfaces in contact 
l^ve been made as smooth as possible, that this angle a at 
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which motion begins will be Independent (i) of the weight 
of the mass, and therefore of the magnitude of the pressure 
a, (ii) of the size of the surface in contact. 

Thus if masses of ihe sam^ malerinlihMt of different siics and shapes 
be used for repetitions of the experiment, the angle a will be found to I 
very approximately the same in every case, 

13. It is from the results of a careful series of e 
periments such as the one described above that we obtdn 
the folloTing 

Laws of Limiting Friction. 
When two bodies whose surfaces are in contact ha^e 
I tendency to relative motion it is found that — when the 
surfaces have been made as smooth as possible — the amoani 
of friction which can be called into play cannot exceed a 
certain limiting value. 

II. This limiting value is a certain fraction of the 
normal pressure. 

This fraction depends on the nature of the bodies in con- 
tact, and is called the coefficient of ftictlon of those 
bodies. 

Thus the coefficient of friction for soft iron and brass is about -17. 
This fraction is independent ofxhs size and shape of the 
surfaces in contact. 

is to be noticed however that the surface must be lai^ enough to 
prevent actual scratching of the surfaces. 

[I. When motion actually is taking place the above 
laws are still approximately true as to the friction between 
F 
ig bodies; but the fraction -^ is rather less in each 

particular case when the bodies are sliding than when just 

on the point of motion. 

It sCEms as if ibe bodies when at rest are gradually moulded to 
, each other by the nannal pressure ; so thai it lakes rather more force to 
HIart thetn than to keep them moving unifonnlj. 




LIMITING FRICTION. 



SOME COEFFICIENTS OF FRICTION. 



Oak □□ oak, all the fibres parallel to the motioc 
„ ,, moving 6 hres dn end, resting fibcE! 

parallel to Che motion 

Wranght iron on brass 

Steel on cast iron 

^Steel on polished glass 

olished marble on polished marble 

Polished marble on common biich 

Q biich on common birch 

Ftought iron on oak (Hbres para.llel to motion) 



Io''.46' 



\ The above are quoted from a very full list given on page 373 jl 
ol1x9.TiKv'm€i EnginarU Focktt-botik. Ed. 1888. fl 

NoTK — In the above table the coefRcient of Limiting 
Friction is the tangent of the angle at which the body will 
begin to slide when on an inclined plane as in An. Z12. 
This will be clear if the student will notice that in the ex- 
periment the action of the plane on the body is always 
vertical, and therefore this action makes the same angle 
with the perpendicular to the plane which the plane makes 
with the horizon. It is usual to use the letter ^ to denote 
a coefficient of friction. Thus, 

s the limiting angle, 



B But, if a 



/I = tan n 
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I Example i. An iron girder vicighing i ton lies on harizonta], j^^H 

rails i ■what horizontal fane must a horse apply to the girder to in^^^l 
move forward in the direction of its length, if the coefficieni tfJricUai^^M 
iron and steel is -175? J^| 

The whole pressure of the girder on the rails is 1 ton = ii4olK^ 
this pressure is distributed over the surface of that part of the girder b \ 
contact with the steel rails. When a horizontal force has been applied 
to the girder so that it is on the point of motion, then at every part nf 
the surfaces at which there is pressure there is boriionlnl force of 
friction opposite to the direction in which there is a tendency to motion. 
This friction is in all cases '175 of the pressure. For the dire[:tion in 
which the girder is to be pulled is in the direction of its length, so that 
if any of the points of contact be on the point of motion, every piMnt 
must be on the point of motion. 

Therefore the whole amount of the friction is ■175 of ihe whole | 
amount of the pressure. 

.-. the limiting friction = 'r75 x 72+0 lbs. 

Therefore if a horizontal force of any magnitude exceeding 3^99 
be applied to the girder in the direction of its length it will bt^ I 
move in the direction of the force. 

Example ii. A uniform, ladder rests with one end on a horiioniai 
stone favement, the other leaning against a vertical brick wall; fimi 
limiting position of equilibrium ; the coeffieients of friction Aniff 
spectivety p and fi'. 




With the notation of the figure, in which the ladder AB is supposed 
n the point of slippinjfiiown, we get by [Art. 91] considering the 
la for the equilibrium of the ladder, and lesolving I. horizontally, 
t vertically, and III. by taking moments about C 



Jf + li-R'-lV^o. 
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s, the angle of inclination of the ladder to the horizon must not be 
a than the angle wht»e tangent is — ~ . 
For instance if /i=,b'= J; tan fl=J. 

Example iii. Lei a mass W resting on a rough inclined plane, be 
i OB by a force P making an angle iji viitk the plane., <u in the 

Find the relation between P, W, ^. 
With the notation of the figure, supposing first that the mass is 
a the point of moving up the plane, we get by [Art. 91] considering 
iss is in equilibrium, and resolving I. along, and II. perpen- 
>t to the plane 




I. »'Eillfl+>.V?-/'COS./.= 0. 

II. .ff+/'Ein?t-/J'cosfl = o. 
Eliminating R from these equations we have 



i 



jsa) = ^(cos« + ^.aiD0}. 
This is the equation which will give the magnitude of the force 
Necessary lo cause the mass to be on the point of motion up the plane 
when W, a, II and ^ are given. 

Next, supposing the mass on the point of moving down the plane, 
the force itR must be reversed in the figure ; the elTect of thil will bj 
l^ange the li^" of ^ in the above equations. 
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Example iv. An iron girder B ft. long vyeigAirig i ton isflaaitfi 
metrically al right angles to ttiio fixed steel raits ■aihiik are 4 fed i^tA 
What horiwnial force applied at right anglei to the girder at ent u 
trentity -aiill cause it ta be on IhtfotHl o/tusliOHl 

Let AB be the glider resting on the raits at C and D. The verticil 
presauies at Cand Z' are each equal to 1120 lbs. 



\ 









A 
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Consider the horizontal forces acting oti the girder. They aie the 
force PsX B and the frictions at B and C. Supposing motion to i 
there are four possible hypotheses. Either 

(i) the girder slides at D and turns about C; 

or, (ii) the girder slides at C and turns about i'; 

or, (iii) the girder slides at both C and D in directions parallel to Pi 

or, (iv) the girder slides at D and at C in some olher directions. 

We proceed to shew that (i) is the correct hypothesis. 

If the girder begins to turn about C the direction of relative mi 
at D is perpendicular to the girder. Therefore the friction at (71s tbe 
Btlti-resullaot of the two parallel forces at D and B, and theidbre ii 
(i) parallel to them, (ii) less than the force at £>. P is also less than 
the force at D, i.e. is less than ■175 x 11 10, i.e. less than 196 lbs. 

Suppose the girder begins to turn about D\ the friction at D 
as before be parallel to P, and it must be less than the limiting fricliort, 
i.e. less than the force at C which [Art, 9;] is absurd. 

Suppose nesl. that the girder begins to slide at both points at 01 
Since the pressures at C and D are equal the horizontal forces of friction 
must also t>e equal. 



FktetieTf. 
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I Then, if (iiij the direCtioQS of the friclions hs/ara/Ui, we should have 
E futcc f the an ti- resultant of two equal parallel forces; this is im- 
isible if they are unlike by Art. g;, and if they are like it is impossible, 

it then bisect a line joining their points of application. 

If the directions are not parallel, their resultant, which passes through 

z point of intersection, must be equal and opposite to F\ and since 

y are equal, P must bisect the angle between them; which can be 

o be impossible from geometrical considerations. 

I Tiierefaie (i) is a possible hypothesis, and is the only possible hypo- 



1 The girder is on the point of turning aliout C, and the friction at D 
o /' and equal to 196 lbs. Taking moments (for the girder) 
:have. /')(6 = i961bs.;<4. 

or, />= § of I (,6 lbs. ^ 1313 lbs. 



EXAMPLES. XXVm. 

'1. A weight placed on a rough inclined plane whose in- 
Sination is 30° is jtist on the point of sliding down ; what is the 
coefficient of friction ? 

2. A mass of iron weighing i ton placed on a horizontal 
plane made of brass, what horizontal force is necessary tomove 
it? 

3. A body placed on a rough inclined plane whose angle is 
a is just on the point of motion ; what horizontal force is neces- 
sary to move a body of 1 cwt. of the same material placed on 
Hie plane when horizontal i* 

f 4. A body placed on an inclined plane of angle 30° is just 
1^ the point of moving upwards when acted on by a force 
''i>arallel to the plane equal to its own weight; find the coefficient 
of friction. 

5. A body placed on a horizontal plane reqtiires a horizon- 
tal force equal to its weight multiplied by V3 to cause it to be 
on the point of motion ; at what angle must the plane be tilled 
that the body may then be on the point of motion ? 

6, A body placed on a rough horizontal plane is on the 
point of motion when acted on by a force equal to its own 

ight inclined to the horizon at an angle of 60° ; find the q 
■ " of friction. 



4 
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7. If the inclination Co the horizon of the force in Question 
were 45°, what would be the coefficient of friction ? 

8. A mass of 1 lb, placed on an inclined plane is fast 
J the plane by a thread which is parallel to the plane ; thi 

K efficient of friction being '2, what must be the least lensii 
I the string when the inclination of the plane is 45° ? 

9. A heavy beam rests with one end on a horizontal pave- 
I ment and the other in contact with a vertical wall ; if the « 
I efficient of friction of the ground and wall be equal lo 'J and ihe 
r beam is uniform, find the inclination of the beam to the horiwD 

when it is on the point of slipping down. 

10. A ladder 20 ft. long without weight rests with one end 
1 the ground which is rough {fi = "4) and the other against 3 

I vertical wall which is smooth and is inclined to the horiron at 
an angle of 45° ; a man commences to walk up the ladder ; how 
' r will he go before the ladder slips f 

11. Shew that if in Question 10 the ground is smoolh and 
1" the wall rough, the ladder will slip wherever it is placed. 

A uniform ladder 20 ft. long weighing S^ lbs. rests with 

d on the ground which is rough (coefficient of friction =(i) 

[ and the other agamst a smooth vertical wall ; find the least 

I angle to the horizon at which it can rest; and find bow far a 

I boy of I cwL could walk up the ladder when at that angle, wiOi- 

It causing it to slip. 

13. It is said that the force required lo keep a train moving 
uniformly on an incline of i in 80 is four times the force neces- 
sary on horizontal rails ; assuming that tie friction varies as the 
normal pressure, find the coefficient of friction. 

14. Taking the same coefficient of friction as in Question 13, 
1 find how many times the force required on a horizontal rail is 
I required on an incline of i in 60. 

. . A particle of weight W placed on a rough horizontal 
I plane whose coefficient of friction is ji, is fastened to a fixed 
I point by a stringwhich is extended to its full length ; a horizon- 
I tal force is applied to the particle in the direction which makes 
I the angle 135° with the string; what is the magnitude of the 
I force when the particle is on the point of motion ? 

A cubical block of stone is placed on rollers. The force 
I necessary to make the stone move with the rollers is -01 of the 
I weight; the force necessary to make the stone slide over the 
k rollers themselves is '4 of the weight. A force is applied to the 
\Etone making an angle B with the rollers ; find the least magni- 
Bude 6 can have that Che stone may move with the rollers (with* 
' sliding), 
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^^ 17. A four-wheeled waggon with its wheels all parallel is 
such thai if it be pulled on a horizontal plane parallel lo the 
wheels it requires a force of '0125 of the weight to cause it to be 
on the point of motion ; it requires a force of '5 of its weight in 
the direction perpendicular 10 the wheels to cause it to slip; 
what is the greatest angle which a horizontal force may make 
with the wheels so as to cause the waggon to move in the 
direaion of the wheels? Find the force in the limiting case 
when the waggon weighs 1 ton. 

18. A force of 10 lbs. can just cause a weight on an inclined 
plane of angle 30' to be on the point of moving up the plane 
and a force of 1 lb. can Just cause it to be on the point of moving 
down the plane, both forces acting parallel to tne plane; what 
force would just cause it to be on the poiiit of motion on a 
horizontal plane ? 

19. A cube of wood stands on a rough horizontal plane ; a 
horizontal force acts at the middle point of one of its upper 
edges perpendicular to the edge. Find the relation between the 
weight of the cube and the coefficient of friction that it may be 
just on the point of toppling and of sliding at the same time. 

A body is placed on a rough horizontal plane and a line 
L upward from the plane, making with it an angle equal 
ngle of friction. Shew that this is the direction of the 
smallest force which will make the body slide. 

2L Two given weights W, W of different material are laid 
a given inclined plane, and connected by a string in a state 
tension in the hne of greatest slope of the plane; the coeffi- 
cients of friction being ^, /*'. Shew thai the angle of the plane fl 
n^en both weights are on the point of motion is given by 

and that the tension of the string is {IV s\n 6 -iiW cos 6). 

22, A sphere is placed upon a lough inclined plane, 
coefficient of friction fi; find the position of the centre of 
gravity of the sphere that it may be on the point of sliding and 
of rolling down the plane simultaneously. 

23. A uniform circular cylinder, 5 inches in diameter and 
16 inches high, is on the point of sliding and of toppling over 

^^nultaneously when the mclination of the plane on wb'*"^^ 
Inds is gradually increased; find the coefficient of fiio 
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t If the force which acting parallel to an inclined plane of 
angle □ is just suiiicient to dra.w a weight up, be n times the 
force which will just let it be on the point of sliding down, shew 
thattana=^^'. 

5. A uniform cube of stone stands on a rough horizontal 
plane and is acted on by a force at right angles to one of its 
topmost edges inclined 45° to the horizon ; the stone is on the 
point of slipping and also of toppling over; what is the coeflt 
_: — . of friction? 

. 3. A cubical block of stone rests with one of its edges 00 a 
horizontal plane and another against a vertical wall ; find the 
limiting position of equilibrium, the coefficients of friction being 

r, Two equal uniform bars are hinged together at the 
extremity and placed on a rough horizontal plane so as to make 
an inverted V; find the greatest angle between them when the 
coefficient of friction is ^, 

28, The centre of gravity G of a bicycle and its rider 
(exclusive of the front wheel) is distant 2 ft. from O the centre 
of the front wheel and OG makes an angle whose sine is j with 
the vertical ; the radius of the front wheel 28 inches ; the weight 
of the rider and machine exclusive of the front wheel is a cwt. ; 
what pressure can the rider apply to the front wheel with his 
brake without being thrown forward, the coefficient of friction 
between the wheel and the brake being J? 

29. A uniform girder 12 ft long weighing a tons is placed 
at right angles across two parallel horizontal iron bars ; if it be 
placed so that the pressures on the bars are equal, shew that if 
It be acted on by a horizontal force parallel to the bars it will 
always begin to turn about the bar which is farthest from the 

0. If the girder in Question 29 be so placed that the pres- 
on one bar is double that on the other, find where lo apply 
Lgle force parallel to the bars that the girder may begin to 
slide along both bars simultaneously. 



CHAPTER XVI. 
The Graphic Method. 

■- 214. We propose to give in the present Chaptei^— 
■ sbort account of the Graphic Method of treating Statical 
I Problems. 

215, The Graphic Method is a method by which many 
statical problems may be solved by the aid of diagrams in 
which lines and angles drawn to scale replace the calcula- 
rioDS of Arithmetic and Trigonometry. 

A force may be said to be known, when its magni- 
tude and direction are known. When it is apphed lo a 
rigid body we must {in order to know what its effect will be) 
also be told its line of action. 

Also if it is one of a system of parallel forces having a centre, we 
must also be told its point of applies Li on. 

We shall in what follows often use dla^aniB formed 
of lines representing forces : representing them, that is, in 
direction and magnitude; but having no reference to their 

It of action. 

The student must distinguish between (i) a dia- 
gram representing forces, whose positions in the diagram 
have no reference to their point of application ^ and (ii) a figure 
representing forces as they actually act on a body. Such 
xiiagrams form the basis of the application of geometrical 

»blems to Statics. 



» 






Example. We are about t 
~ e sides of a triangle is i) 

a say, if these thrc 



■Ilel \a tbe sides al the triangle in the proper « 



prove that the force represented by one 
: resultant of tbe two forces represented 



a peint in direetioni 



The Triangle of Forces, 
18. PROP. The three forces represented in diredien 
and magnitude by the three sides of any triangle taken the 
same way round when they act at a point, are in equilibrium. 
[NOTE. 'Taken the same way round' means 
that the senses in which the forces represented by the sides 
are to he taken, are such as would be indicated hy a e<m- 
Jinuotis lour of the sides. 



'hus the forces may be those represented by JS^Z, 
and JIJ^ in the figure; or by LK, KH, HL, but not 
KL, LH and KH. The same thing is sometimes 
pressed by the phrase Taken in order.'\ 



..LB I 
ot by 

I 




Let HKL be any triangle; then forces represented 
by KL, LH, HK, when they act at a point, are in equi- 
ibrium. 

Suppose the forces to act at the point 0, 
and let them be represented in magnitude, hne of ac tion, 
id sense by OA, OB, OC respectively. 
.Complete the parallelogram OAC B. 



if actJTO^ 
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L Then C'A is equal and pajaUel to BO, and therefore to 

■rz. 

H Also OA is equal and parallel to KL. 

B Therefore OC is equal and parallel to KH, and there- 

Kre to CO. 

I That is, OC is equal and opposite to the resultant of 

WA and OB. 

I 219. PROP. When thret forcts acting at a point an 

M equilibrium, the three lines representing those forces form a 

mangle, and the senses 0/ the lines are such Ifiat the sides an 

miiken the same way round. 

I Let OA, OB, (9 C represent three forces in equilibrium. 

I Complete the parallelogram OACB; join OC. 

Then AC represents the force OB, and OC is equal 

and opposite to OC, and therefore CO represents the force 

^OC. Thus the three lines representing the three forces 

4. OB, OC form the sides OA, AC, CO of the Iri- 

gle OAC taken the same way round, q. e. d. 

Note.— When three lines are parallel and proportional to Ihc sides 

\ tiiaDgle. they Arc themselves parallel and equal to the sides of a 

IT triangle. Theiefote it is sufficient in staling the triangle of 

I to use the words propoitioilal to, instead of, fquai la the gid«s 

jf a triangle. 

PROP. WTten OA, OB, OC reprtstnt thrtt fmn 
OA OB OC 

n BOO sin CCA " sin AOB ' 
Complete the parallelogram OACB; join OC. 
OA _ AC _ CO 
sin OCA ~ sin COA " sin OAC' 
sin OCA = sin BOC = sin BOG 
sin COA = sin COA 
sin OAC^sinAOB, and the result ft 
* See EUm. Trigonometry, p. 197. 
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Examfik. ABC is a triangU; three /arcts parallel respectively k 

, CA ami AB aud inversely propartionai la the ferpendkulvs 

AD, BE, CF drawn from A, B, C on /Ae apposite side BC, CA. AB 

rt at apoinl. Prove that these three /ones are in epiilibrium. 

In order to be in equilibrium the foices must be proportional to the 

I tides of the triangle to which they are pa.[allel. 

That is, Tve must prove that the perpendiculars are inversely propor- 
[ tional to the sides to which they are perpendicular. But AD v. BC 
:e area of triangle ABC=BE x CA= Cfx AB, 



BC CA AB . _, „^ 

•—• = ^ =—-^1 areas oi ABC. q.k 
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EXAMPLES. XXIX. 

If one of three forces in equilibrium is a 
F the second, prove that it is less than the third. 

One of three forces in equilibrium is al 
I the second, and is ' "■■'-■'' <- > -• 

Three forces in equilibrium are proportional to i, i, ^i: 
[find their inclinations to each other. 

Prove that of three forces in equilibrium the sura of any 
lust be greater than the third. 
If two forces of given magnitude have a resultant of 
I given magnitude, then they must always act at the same io- 
I clination to each other. 

Three forces represented in tnaf;nitude by the numbers 
!, 3, 5 act at a point and are in equilibriuin : what are their 
Imutual inclinations? 



Three forces of , 
.parallel to the side of < 
[find their resultant. 



bs., ^Ibs. and 5 lbs. act at a point 
equilateral triangle taken in order: 



I, Two forces of given magnitude act at a point P, and 
one through each of two given points A, B: prove that if 
- resuhant is of constant magnitude F lies on a fixed 
rc/nr-ulsr arc. 



^H THE TRIANGLE OF FORCES. 

9. The sides of a triangle taken in order are 3, 4, 5 h 
respectively; forces of 12, 16, and 19 pounds act along them 1 
taken the same way round; what is tbe magnitude of their J 
resultant ? 

10. Three forces 5 lbs,, 13 lbs. and 20 lbs. act at a point ii 
directions such that if produced each would bisect the angle 
between the other two ; find the resultant of the other two. 

11. Prove that if two forces acting at a point O be repre- 
sented by lines OA, 05, of which Ofl is twice 0^,andif/i be 
joined to the middle point C of OB, and AC be divided at D 
in the ratio of 2 to i, the resultant of OA and OB will be ^,00. 

12. Prove that if two forces OA, OB be 
OB=iOA, and \{ OA be produced to C so that 0C=OB, and: 
BC be divided in D in the ratio 1 to 2, the resultant wiil be 
10 D. 

13. If three forces in equilibrium be in the ratio 5 : 12 : n. 
find the angles between their directions. 

14. Two forces which act on a particle which are to or 
another as 2:4/3 have a resultant equal to half the great! 
force; find the angle between the forces. 

15. ABCDEF is a regular hexagon and three forces act at 
the point -4 in the directions AC, AF, DA\ the force in the 
direction AF is i pounds ; find the otherforces if the system be 
in equilibrium. 

16. AD, BE, CF are the perpendiculars drawn fhim the, 
angular points of a triangle ABC to the opposite sides. Forces! 
,ict at D in the directions DE, DF; find their relative magni- 
tudes if they be kept in equibbrium by a force in the di 
AD. 

17. Two forces of 5 and 6 pounds respectively act at ; 
find the cosine of the angle between them supposing 
sultant to be fi pounds. 

18. Give a geometrical construction for resolving the force 1 
represented by the diagonal of a square into three forces, each 
equal to the side of the square, one of the forces being co- 
incident with a side of the square. 

19. Shew that a given force may in general be resolved 
ihrce forces each equal to a given force, the direction of on 
the forces to which they are equal being given. 

20. If three forces keep a particle at rest, prove that 
angle between the two greatest is larger than that between 
uthcr two, 
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feres9H| 

shew ra^J? 



21, A and B are fixed points on the circumfei 
circle, P is any other point on the circumference ; shew 
two forces of constant magnitude act along PA and PB, titHf 
resultant will pass through a certain point for all positions oiP. 

22, C and B are fixed points ; CA and CB represent two 
forces; prove that when A moves along a given straight line, 
the extremity of the straight line which represents the resultant 
moves along a parallel straight line. \ 

23, Forces represented by the sides of a polygon taken flie 
same way round, one side being omitted, act at a point/ diM 
that their resultant is represented by the omitted side tadenf'" 
other way round. J 



221. PROP. The Polygon of Forces. 

This is a construction for finding the resultan litofsif 
number of forces acting at a point. '^ 

If forces acting at a point tan be refresenh-d ii^^,- i\ii:h^ 
and magnitude by the sides of a closed poly^ci '*"/,i.;^i ■'(■ 
same way round, they are in equilibrium ; mi: 




Let OP,, OP^, OP^... be the series of 
the point O ; let ABCDEF be the dosed P'j; 
OP, is equal and parallel to AB ; OP^ 
to OP, ; and so on. 



, prove.pdjp" 



POL YGON OF FORCES, 1 8 7 

By the triangle of forces, OP^ and OP^ (which are equal 
and parallel to ABy BC) may be replaced by a force equal 
and parallel to ^C. 

Again, by the triangle of forces, this force and OP^ 
(wliich are equal and parallel to AC, CD) may be replaced 
by a force equal and parallel to AD\ 

And so on. 

Finally, all the forces except the last, may be replaced 
by a force equal and parallel to AF, 

But the last force is equal and parallel to FA, 

Therefore the whole system may be replaced by two 
^qual and opposite forces, and is therefore in equilibrium. 

222. Conversely. Any system of forces acting at a 
J^nt which is in equilibrium has its sides equal and parallel 
to the sides of a closed polygon taken the same way round. 

For, let OP^, OP^^ OP^ ... represent the forces. 

Draw AB equal and parallel to OPi\ draw ^C equal 
and parallel to OP^] draw CD equal and parallel to OPi] 
and so on. 

The last line so drawn must terminate at A, 

For, by the triangle of forces, the resultant of OP^ and 
OP^ is equal and parallel to -^C; 

Therefore, by the triangle of forces, the resultant of OP^^ 
OP^ and OP^ is equal and parallel to AD; and so on. 

Therefore the resultant of all but one of the forces is 
equal and parallel to AF; and since the forces are in equi- 
librium the last force must be equal and parallel to FA, 

Q. E. D. 



Z23- It will be seen that the above proposition givesa 
geometrical construction for drawing the resultant of anj 
number of forces acting at a point ; namely, — 

Make a polygon by drawing in succession fines equal and 
parallel to the lines representing the forces ; then the line 
joining the first point and the last point (so as to close the 
polygon) is equal and parallel to the required resultant 

EXAMPLES. XXX. 

1. The sides of a quadrilateral taken the same way ruund 
are i, i, 9, 7 inches respectively ; forces of 2, 4, 8, 14 lbs. 
respectively act parallel to them in the same way; what is ihar 
resultant (i) if they act at a point, (ii) if they act along the sides 
of the quadrilateral.' 

2. ABCD is a square, and forces acting at a point are 
represented in direction and magnitude by AB, iBC, Z^D, 
^DA ; shew that their resultant is represented by 2CA. 

3. A straight line OA is at right angles to another straight 
line COB, and forces each of ^ lbs. act one in OB another in 
OA \ a third in ihe bisector of the angle COA ; find the magni- 
tude of their resultant. 

4. Prove that if four forces be fully represented by the 
sides of a quadrilateral figure taken in order, they cannot be in 
equilibrium. 

5. The side BC of a square OABC is bisected at E; find 
the resultant of forces represented in direction and m^nitude 
by OA, OB, 2OE. 

6. ABCD is a square, and forces represented in magnitude 
by the numbers 4, 2^2, 5 and ^h, and in direction by the linea 
AB, BD, DA and y^Cact at a point; what is their resultant? 

7. The circumference of a circle is divided into any number 
of equal parts, and forces arc represented by lines drawn from 
the centre to the point of division; shew (by the polygon of 
forces) that these forces are in equilibrium. 




H CEN7R0ID. 

^ 224. PROP. The nsuliaiit of Iwo forces, one represetiieA 
hy a line OA, the oilier represented by n times the line OB nl 
represented by (n+ i) times the line joining O to the poin 
a^h cuts AB in the ratio of -a 

In the figure let OC=n times OB. Complete the 
aarallelogram OCRA, join OR<iMVaa%AB\a G; draw CK 
allei to AB cutting OR in B. 

-^OE:OG^OC:OB:^n:i. 
3so the triangles AOG, CRE are equal in all respects jj 
pff = ER. 

Hence OR^{n+ i) times OG. 
]so CE : BG = OC : OB ^ n: 1; 
,'. AG: GB^n.i. 
lib proves the proposition. 

■35. Consider a system of forces OA, OP, OC, . 

J at a point O. 
■oin A£, bisect AB in the point G. 
fbe resultant of OA, OB is twice OG, by Art. 22^ 
1 C,C, and cut G,C in ff, so that CG, ; G.G, i 
lofa: I. 

□ the resultant of twice OG, and OC is 3 times OG, 1 

^BO on. 

F there are n forces and G be the last point thus deter- ] 

J C is called the centrold of the n points A, B, C .■.■ 
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ExampU. Provt tkaS the cenlroid ef Ikra /loinL 
centre of gravity of the triangular arai ABC. 

To find the ceiilroid of OA, OB, OC we bisect AB at F join CF 
and divide Ci^ in C so that CC : GF^ 5 : 1 . 

Bnt a similar construction gives the centie of gravity of the Iriangw- 
lai area ABC, 

2i6, When the point coincides with ihe centroid of 
the points A, B, C... the forces OA, OB, OC ... are in 
equilibrium. 

For the resultant is n times the distance between Oand 
the centroid, which distance is in this case zero. 

Examplt. Prmie that tie forcts OA, OB, OC are in tjtaJUnmi 
tiiheti O is Ihe centre of gravity of Ike triangular area ABC. 

This follows at once ; for the c. a. of ABC is the centroid 
forces OA, OB, OC. 



EXAMPLES. XXXI. 

1. Provti that the centroid of forces OA, OB, OC, OD 
where ABCD is a parallelogram, is the intersection of the 
diagonals of the paraJlelogram. 

8, Prove that if A^, A^, A^, ... be points equidistant from 
each other on the circumference of a circle their centroid is tbe 
centre of the circle. 

a A, B, C, D,... are the angular points of a regular 
polygon of n sides inscribed in a circle; prove that the re- 
sultant of the forces OA, OB, OC, OD, ... is n times OQ when 
Q is the centre of the circle. 

4. ABCD... and A'SC'D are the angular points of two 
regular polygons, each of « sides, one inscribed in, the otha 
described about the same circle; prove that the system of 
forces OA, OB, OC, OD ... is equivalent to the system OA' 
OB, OC, OU. 

5. ABC is a triangle, D, E, F are the middle points of iC 
sides; prove that the system of forces OA, OB, OC is equi 
valetit to Ihe system 0^, 0£, OF. 
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6. What is the locus of a point O which is such that the 
forces represented by OA^ OB, OC, where A, B, C are fixed 
points, is of given magnitude ? 

7. ABCy DEF are given triangles ; find the locus of a point 
such that the resultant of the forces OA, OB, OC is equal to 
the resultant of the forces OD, OE, OF. 

8. If two forces are represented by m times OA and n 
times OB, prove that their resultant is represented by {n+m) 
times OG where G is the point which cuts AB so that 

AGxm=BGxn. 

9. From the theorem of Question 8 find the line of action 
}f the resultant of two like parallel forces. 

10. Prove that if two forces acting at O are represented by 
OA and by n times OB reversed, the resultant will be («- 1) 
:imes OG where G cuts AB externally so that AG=n 
:imes BG/ 

11. Prove that if two forces acting at are represented by 
m times OA and n times OB reversed, the resultant will be 
[m - n) times OG where G cuts AB externally so that 

tn times AG=n times BG, 

12. From the theorem of Question 11 deduce the rule for 
finding the resultant of two unlike parallel forces. 



227- PROP. To give a comtructum for finding lla 
resultant of any number af forces acting on a rigid body it, 
flan,. 

Let /",, P^, P^ be three forces acting on a rigid h 

ie plane. 




Draw the polygon ABCD so that AB, BC, CD are 
equal and parallel to the lines representing the forces 

Then the line AD is equal and parallel to the required 
resultant. [Art. Z2i.] 

To find the line of action of the resultant we proceed 
thus. 

Take any convenient point and join OA, OB, OC, OD. 

Take any point H in the line of action of P^ and draw 
.ffiT parallel to OB to cut the line of action of /\ in K, 

B is llie point in the other diagram la which lines represenliilg 
/>„ P.^ intersect. 

Through K draw KL parallel to OC to cut P^ in L. 
CU thepoinl of intersection of ilie linee represeiuinB /"„, /J. 



GRAfHlC RESULTANT. I93B 

Through L and H draw lines parallel to OD and OA I 
espectively intersecting in X. \ 

We proceed to prove that X is a point in the required I 
ine of action of the resultant. J 

For, a force represented by AB may (by the triangle ofa 
orces) be replaced by forces represented hy AO and OSu 
provided the forces indicated by OA and 0£ act at oM 
joint in the line of action of the force indicated hy, AJS). I 

Replace F, by two forces equal to .^O and OB actingj 
dong X/i and ^j?. 1 

Replace /'^ by two forces equal to CO, OD acting along 1 
LK and EL. I 

Passing through the point K we have forces representedll 
by OB, .SCand CO; these forces are in equiUbrium, ancM 
may be omitted. ■ 

Hence the three forces J'j, P^, P^ are now replaced bj™ 
two forces passing through X, equal and parallel to AO, 0Z3U 
respectively. ■ 

These two forces may be replaced by a force equal anctfl 
parallel to AD. M 

The force through X equal and parallel to AD is therftj 
fore the resultant required. ■ 

228. The student should exercise himself by drawing 
the figure and extending the proof to the case of four forceaa 
md so satisfy himself that the method is true generally. fl 

We proceed to apply the method to the particular casd 
l^parallel forces. fl 

^■We shall use the same lettering throughout. fl 
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22^. PROP. To find the line of action of the rtsultanl 
of a series of parallel forces acting on a rigid body. 

The polygon of forces is in this case a straight line. 

The coastruction is precisely the same as that of Art as8. 

The lines of action of the forces are of course ail paraJieL- 

The following is the figure for the case of three like 
parallel forces. 
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230, The following is the figure for a case of fi« 
paiallel forces, P^. /",, P^ in one sense and /*, and /*, in tht 
opposite sense; the 'Polygon of Forces' is AB-F^ 
BC = P,, CD=P^, DE = P,, EF-^P,. Hence the » 
soltant is AP acting through the point X. 
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X is found by taking any convenient point O and join- 
ing OA, OB, OC, OD, OE, OF. 

Then, in the line of action of P^ , take any convenient 
point H, and 

from H, draw HK parallel to BO to cut P, in K; 
from K, draw KL parallel to CO to cut /", in Zj 
from L, draw ZjI/" parallel to DO to cut /*, in M; 
from ^, draw j1/"7V parallel \q EO \a cut P^ in N. 
Lastly, from H and N draw lines parallel to OA a 
Oi^ respectively, to intersect in X. 

331. A Funicular Polygon. In the figure 1 
Art. 229 let A"^ and ^Z be produced to ^andr. LetJ^ 
HK, KL, LT be a string, whose ends are fixed at S and 
T, to which weights W^, IV„ W^ are fastened at H, K, L 
respectively. 

Then these weights would be supported in the positions 
indicated by the strings. The tensions of the strings will be 
represented by AO, BO, CO and DO respectively. 

Take HF^BO, HS^OA; complete the paraUelogram SEFH. 
Then llie triangle HFE is equal in all respects to BOA; .: En=AB 
and HE represents JF„ which is the ant i- resultant of HS and HF. 

Such an arrangement of lines as SHKLT \& called a 
funicular polygon. 

If the point were taken on the left of the line AD, it 
would be found that if the lines SH, HK, KL, LT are re- 
placed by rigid weightless rods, and as before, weights ff,, 
W,, W^ were fastened at HKL, the rods would form an arch 
by which the weights could be supported in the positions of 
the Hnes. ^^J 

^k Such an arrangement of hnes is called a linear arohj^^H 



198 



SrA TICS. 



Example i. A beam supported at each end has placed upon ii a 
weight W ; neglecting the weight of the beam^ find by the graphic method 
the pressure on each end. 

With the usual construction draw AB to represent W\ join AO^ 
BO; take any point H in the line vertically below JV and draw HS^ 
HT lines parallel to OA and BOy cutting vertical lines through U 
and ^(the points of support) in .S", T' respectively; join ST\ draw OQ, 
parallel to ST\ then AQ represents the pressure on M^ one point of 
support, and QB represents the pressure on N^ the other point of support. 
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The proof consists in shewing that W is the resultant of the forces 
A Qf QB acting in the vertical lines through S and T. 

The proof we leave to the student. It may be abbreviated froDi 
that of the next Example. 

Example ii. A beam supported at each end is loaded ai different 
points with three weights; find the pressure on the supports at the ends. 

Let ^1, ff^2» ^8» ^6 ^^6 weights. 

Draw AB, BC, CD to represent ^j, W^, W^, respectively, and 
join OA, OB, OC, OD, 

Take a convenient point ^in the vertical line through W-j^. 
Draw HK, KL, LT, HS parallel to BO, CO, Z>C>, ^ C? respectively. 

Let HS, L T intersect the vertical lines through the supports M and 
^ in *$* and T respectively. 

Join ST', through O dra\^ OQ parallel to ST. 

Then QA represents the pressure at M, 

DQ represents tYie pie%%\iie «! N. 



GRAPHIC METHOD. Jgg 

The proof consists in shewing that fortes represented by AB, BC, 
, DQ, QA acting vertically at points iV^, IV.„ iV^, N, M are in 
Beqoilibrium. 
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I The student is recommended to work out the proof for himself before 
iding the following. 
By the triangle of forces, the force QA at M may be replaced by 
rs represented by OA, QO, acting along NS and ST. 
. DQ at A' may be replaced by forces represented by DO, OQ acting 

g irand TS. 

I ff^ or ^5 may be replaced by forces represented by ^O, exacting 
g SJI, KM. 

ff J or BC may be replaced by forces represented by BO, OC acting 
along HJ<^, LK. 

IV.^ or CD may be replaced by forces represented by CO, OD acting 
ilongAT:, TL. 
■ It will be found that along eaeh of the Knes ffA^ ^i, L T, TS, Sff, 
ptit of eqnal and opposite forces are acting which are therefore in 
■ilibrium. 

ttOTE.—SJ/A'LT is a/iiriKUlarfofygvtt. 

Let vertical forces act at S and T, equal respectively to QA and 
espectively, 

[ Let ST be a rod along which acts a stress represented by QO, 
' Then, if ^//^-^ybeastring having weights IVi, PC,. W, fastened 
9^1 ^i ^ respectively, the rod and the suing will be in equilibiiuin 
M along the p^rts of the string SH, HK, A'L, LT are 
ented by OA, 08, OC, OD respectively. . ■m 
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zuu HI All ^a. 

Example iiL A light flexible string XABCD Y is acted on by given 
forces Pi, P^ P„ P4 at the points A, B, C, T> of the string ; find tU 
conditions of equilibrium. 





Draw the polygon of forces HKLMN^ where HK^P^y KL^P^ 
LM=P^, MN=P^\ from If and N draw JIO, NO parallel to the 
direction of the string XA^ DY, 

Join KO, LO, MO. 

Then HO^ KO^ LO, MO, NO represent the tensions T, /j, /,, /„ 
T' of the strings XA, AB, BC, CD, DY, 

For, flTBt consider ABCD to be a rigid body acted on by the 
external forces T, /\, /'„ P^y P^y T, 

These forces form a system in equilibrium, and HK, KL^ LM, MN 
represent /j, /j, /g, P^ and HO is parallel to XA ; NO is parallel to 
DY, 

Therefore, by the polygon of forces, (?/^ represents the force along 
AX and NO the force along D Y, 

Next. The point A of the string is in equilibrium under the action 
of the forces 7] /'j, /j, and the triangle HOK has its sides parallel to 
these forces. Also HJir represents Pi ; 

Therefore A'O represents t^, 

SlmUarlyZO represents /„ and MO tepxeaeiiVs ty 
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Note, — It may be aoticed that there is a triangle of forces for each 

point A, B, C, D; that there is a polygon HA'LMNO for the exleraal 

forces; and ihat the iclernal forces t^, (^ /, are represeoled by internal 

lines. In facl the internal line O/T represents a stress and belongs to 

o triangles, the A triangle and the B triangle. 

' Cfrnlliay. Suppose in the above figure fj, /*,, /",, /^ be the 
dgbts of equal particles fastened to the stting; then /WfXJ/jV would 
fca vertical line in which HK^KL~LM-MN. 

I Suppose the weights to become mote numerouii, being still equal to 
ll other and apphed at equal intervals along the string. We have 
IS of litiding the tension in a Catenlti; (the curve described 
* a heavy uniform chain suspended from two fixed points). 




Lei HN represent the polygon of forces for the weights of the 
particles of the chain; then HN represents the weight of the chain. 
Draw HO parallel lo the direction of the curve at X and NO parallel 
«lo the direction of the curve at Y. 
^b Then HO represents the tension of the siring at X, 
^P Let X and y be in the same horizontal line, then the curve will be 
Hpnmetrical and HO— ON. 

^H Draw Oc perpendicular to HN; take P any point in Che chain and 
^K C be the middle point of the chain ; then Oc represents the tension 
^B C; let Hp represent the wdgbt of XP\ then Op lepiesents the 
^KMion U P; and 

^FT of=Oc'->,cp^\ 

^K tq. of tenson al P=v\. of lension at f+sq. of weight of CP. 
^B Abo the direction of the tangent to the catenary at /*iiiake^^^^ 
^Hsle with the horizon whose tangent is ^^^H 

^r^ /t weigh! aiPC ^^^k 

^^B Again, the horizontal resolate of Op the tension at any pcnutl^^H 
^Bu which is the same for all points, and is the tension at C. ^^^k 



CHAPTER XVII. 
Couples. 



233. In this chapter we call attention to a few 
concerning Couples, using the principles of Chapter V^i 

A couple consists of two forces which are equal ' 
I and of opposite senses but not in the same line. 

If the forces forming a couple were in the same 
I action they would be in equilibrium. 

234. PROP. Any system of forces in one plane acting 
2 rigid body which is such that if their lines of action pass 

I each through the same point they would be in equilibrium., but 
I which are not in equilibrium, is equivalent to a couple. 

For, by Art. 86, tlie system of forces ts equivalent to 
' two forces applied at two chosen points A and £ one of the 
forces (that at £) being perpendicular to AB. 

Since the system of forces is such, that if the forces 
acted at a point they would be in equilibriuir, therefore the 
sum of theit resolutes in any direction is zero. 

Therefore the sura of the resolutes in any directv^ 
the equivalent forces at A and S is 
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Therefore the forces at A must be equal parallel and of 
opposite sense to the force at B. 

In other words, the system of forces is statically equiva- 
;tent to a couple. 

Z35. PROP. The sum of the moments about any point 
^ a system offerees in one plans acting on a rigid body not in ' 
miiibrium, which is such that if the forces acted at a point 
\ey iiiould be in equilibrium, is constant. 

This system of forces is statically equivalent to a 
ouple. 

Apply to the body the couple which is the anti-resultant 
ffthe system. Then the body is in equilibrium. 

Therefore the sum of the moments about any point of 
he whole system is zero. 

That is, the moment of the given system of forces about 
ny point is equal and opposite to the moment of the 
ouple which is their anti-resultant. 

The moment of the couple is constant for any point in 
ts plane [Art. 77]; which proves the proposition. 

236. PROP. Two couples are statically equivalent which 
re in the same plane and have equal moments. 

For two couples which are in the same plane and have 
[[ual and opposite moments are in equiUbrium. 
For they satisfy the conditions of Art. gi. 

237. A number of couples in the same plane are statically 
mrvaJent to a single couple whose moment is the sum of the 
laments of the couples. 

For each couple can be replaced by a couple o 
loment having an arm common to all. 



lie of equal ^ 
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Example. Forcis rtpresenicd i» diTcctiim. magjiilude tutd H 
•.Hon by thi sides of a triangle taken Ike same way round form a tM]it- 
Let ABC he Che triangle, from A draw AD perpendicular lo BC\ 
le sum of the resolutes along BC of the forces represented by AE, 
I BC, CA are BC, CD, DB whose sum is lero. 

Similarly the sum of the resolules along AB is zero. 
Therefore Che forces represenled by AB, BC. CA if they acted at 
De point would be io equilibrium. 

Therefore they are equivalent to a couple. Q. E. D. 
Therefore the sum of their moments about any point is constant. 
The sum of their momeiils about A is represented by twice the txa. 
I of the triangle ^flC. 

238. The Student should endeavour to get a practical 
I idea of a couple by experiment. 

The twist applied to a screw driver (without pressure oa 
I the head of the screw) is a couple. 

The two forces applied by the fingers to the handle of a 
I tap form a couple. 

The full effect of a couple can hardly be understood without some 
■ knowledge of rigid dynamics; just as the full effect of a single force 
at be realized without the sludy of iinear dynamics. 

139. PROP. A force V acting at any point \ of a rigid 

I body is equivalent to an equal parallel force ailing at any other 

Y point B of t/ie rigid body and a couple whose moment is tquai 

to F X the perpendicular distance between ilie forces. 

At the point B let two opposite forces 
/",, /*, each equal and parallel to /" be ' 
applied to the rigid body. 

These two forces will not disturb the fi 
equilibrium, and the three forces are 
statically equivalent to P. p 

But P^ and P are a couple whose * 
moment is equal Xo Px the perpendicular distance bet 

^P and P^. 
Thus Pis statically et\u\\a\ent \.o P^and this coupl 



B N.B. This couple is statically equivalent to a couple of 
equal moment in the same plane acting anywhere on the 
rigid body. 

Thus the point of application of a force may be moved 
from any point of a rigid body to any other point whatever, 
provided that at the same time the proper couple be applied 
IQ the rigid body on which it acts. 

^^340. In the following example we consider the nature 
^pthe stTEtin at a point of a rigid rod. 

Example. A light rigid red AB is sufportid al its ends A and B *K 
rigid supports^ and a wdght W is fixed at a point C of the rod, find 
t&e tandency to break ai a chosen p^nt D oj the rod. 
■ Consider the rod as consisting of two parts DA, DB joined together 




Q of tSe 



1 equilibrium by the pressu 
across the section of the rod at D. 
stttticaliy equivnient to a parallel force Q 



: part BD is kept i 
t at ^ and the strains : 

V the force Q al 
\ and a couple vrhi 
Suppose Q to be replaced by this force and couple. 

! part AD is kept in equilibrium by the pressure P of the 
It A, the weight W 9.\.C and the strains across the seclion of 

• P and W are equivalent to parallel forces (/* and W\ 

V equal to Q at Z? and a couple whose moment is 
{P^AD- iVxDC), 

jl b eqtuJ 10 6 X BD. 
■ppOM/'and Wlo be replaced by this force nnd couph 



J 



r 



Hence, the right-hand figure 
ffhich are statically equivalent to s 

The two forces Q and Q at D, which tend to make the part BD 
slide upwards, ami the part AD 5lide downn-ards at D, set up in Ibe 
[od, what is called a BhBUliig stress. Thus if the part BD could not 
come away harinonlally from AD, but could slide alsiig the sectiol 
TerticEtUf , these forces would cause it to slide. 



\ 



The two couples set up strains in the rod parallel to its lengtL bi 
the present case the particles at the top of the rod are cooipressed [tiji 
by a force T^, and the particles at the bottom of the rod are exM^A 
(by an equal force T^- I 

If the rod be thin, the force which tends to compress and at 
the particles of the rod are immensely larger than those tendingto 
up a shearing stress. 

Hence, in general, when a rod breaks the fracture takes placed At- 
lowest part of the rod, where the force of the couple tends to exMi'tt 
particle of the rod. 

The m^nitude of the force tending to extend the particles of Ike 
rod, other things being equal, is proportional Co the mnoient of i1a 
couple acting at D. 

The moment of this couple is equal to the sum of the n 
about D of all Che forces acting on one part BD of the rod. H 

The tendency to break at a given point of a rigid 
rod is measured by the sum of the moments of all the foreei 
acting on one of the parts into which the rod is divi ded^ 
that point. 
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" 241. We may here sum Up the results which have 
been proved with regard to a system of forces acting on a 
rigid body in one plane. 

I. Any such system of forces not in equilibrium is 
statically equi^-a]ent to a single force, or to a couple. 

II. If it is equivalent to a couple, then 

The sum of their moments about any point in the plane 

is constant 

The sum of their resolutes in any direction is zera 

If forces equal and parallel to these acted at a point, 

they would be in equilibrium. 

III. If it is equivalent to a single Jorce, then 

The sum of the resolutes in any direction is equal to the 
resolute of this single force in that direction; 

Also the sum of their moments about any point is equal 
to the moment of this resultant about that point, 

IV. A system of forces acting on a rigid body in in 
equilibrium when it is equivalent neither to a force, nor to a 
couple. 

For Example. If the sums of their moments about three given 
points not in the some straight line are each zero, the system is in 
equilibrium. 

For Ibis statement cannol be true of a single force nor of a couple. 

Again. If the sum; of the moment; a.bout any two points A and 
B are each lero end the sum of the resolutes parallel to AB is lero the 
system is in equilibrium. 

EXAMPLES. XXXn. 

1. Forces represented in magnitude and line of action by 
the sides of two triangles taken opposite ways round are in 
equilibrium provided the triangles are of equal area. 

2. Forces represented in direction and line of action by the 
sides of a polygon taken the same way round are equivalent to 
a couple whose moment Is represented by twice the area of the 
polygon. 




Zo8 STATICS. XXXI. 

J. ABC is a triangle ; D, E, F are points in the sides such 

that 7^7: =-?r-i = T^=*; shew that the sum of the momeDts 

JJL t.A rU 
about A of forces represented by AD^ BE, CF is represented 

by -^ of twice the area of the triangle ABC; hence shew that 

the forces cannot be In equilibrium unless ^= i. 



), A heavy rod is supported in a horizontal position by two 
rigid supports one at each end ; shew that the point at which 
there is the greatest tendency to break is the centre of gravity. 



n weighing i6olbs. walks a 



he is half way across with it 
on the plank. 
Find the tendency to break of the rod in Example iii, 
p. 6s, at the points B, O, and C. 

Find the tendency to break of the rod in Example iv, 
p. 66, at the point B and at the middle point of the rod. 

Prove that a system of forces in one plane actii^ (« 
„ d body is in equilibrium if the sums of their moments about 
two points A and B are each zero, and the sum of the resoloto 
' 1 any direction, not perpendicular to AB, is also zero. 

10. A uniform heavy rod of weight W and length 2a is sd[k 
ported in a horizontal position by a rigid support at each <2- 
tremity ; shew that the shearing force and bending moment M 
a. point distant x from one end are 

and J Wr (1 I respectively. 

the resultant of two couples, and how is it 



»-(-3 



12. Shew that other things being equal, a lever of (he 
second class is less likely to bi«ak than a lever of the fiist clad 
'n supporting the same weight. 



SOLUTION OF nnoBLEMS. 



^V 242. In Solving a Statical Problem, remember, 

■^ That conditions I and II of Art. 8_-j are true of the 
W external forces acting on any body (or bodies), whether rigid 
or not, when the body is in equilibrium ; 

That when conditions I, II, III of Art 91 are satisfied 
by the external forces which act upon a rigid body, that 
body must be in equilibrium. 

Hence, in solving a Statical Problem we fix our attention 
on a rigid body, then, drawing a figure, 

I. We draw lines to represent the forces. 

When we know ihe diicction and magiiiludi^ of it force we can 
represent It by a. straight line of definite length. 

When we know the direction and not the magnitude we dian a line 
in the known direction and represent the magnjlude by some letter 

When we know neither the direction nor magnitude, we choose two 
convenient directions at right angles to each other and represent Che 
rectangular components of the force each by a letter {x, y). 

II. We consider carefully whether from the conditions 
of the question the direction of any reaction on the rigid 
body is known. 

III. We then write down three equations derived from 
the conditions I, U, 111 of Art. 91. 

143. If in any question there is more than one rigid 
body we consider each rigid body in turn. 

It will be found by experience that a great deal depends 
on the choice of the direction in which we resolve forces, 
and also on the choice of the point about which we take 
moments. A convenient choice will often give equations 
which ate simple, and thus awkward algebraic transforma- 
tions are avoided. 

L. S. VSJ 
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MISOELLANEOtJS EXAMPLES. -XTTrnT 

I 1. ABCD is a square ; forces of i lb., 6 lbs. and 9 lbs. act in 

I directions AJi, AC, AD respectively; find the magnitude of 

I their resultant correct to two places of decimals. 

I 2. Find a point within a triangle from which if straight 

I lines be drawn to the angular points of the triangle, the forces 

I represented by these lines shall be in equilibrium. 

I 3, A number of uniform tiles each 10 in. by 6 

L arc placed one upon another in such a way that whilst 

Lnarrowest surfaces (thicknesses) are in the same vertical plane, 

B'each tile overlaps the next by an inch of its length ; the lowest 

litile resting on a horizontal plane; how many tiles may be so 

Kpiled without falling? , 

I 4. Two weights of 8 oz. and 4 oi. are in equilibrvum at 

I opposite ends of a straight lever without weight ; if 2 01. be 

[.added to the greater weight, the fulcrum must be Jntoveil 

W through i of an inch for equilibrium ; find the length . of the 

F lever. 

I 5. If the resultant R of the two forces P and Q tinclined 

I to each other at any given angle make the angle B with i", prove 

I that the resultant of the forces (P + Ji) and. Q at the sanWie sm^ 

I makes the angle ^d with (P+R). ts 

I 6. A wedge of angle 60° is placed upon a smooth tz ib!e,aiid 

I a. weight of 20 lbs. on the slant side is supported by the j [enaon 

I of a string parallel to that face of the wedge; what h"^ otiionltl 

I force is necessary to keep the wedge from moving? ^* 

I 7. A smooth circular hoop is supported in ahorizo) italptant 
I in a fixed portion. Three weights of 3 lbs., 4 lbs. and jUhiMC 
I suspended over its rim by three strings meeting in t hcMB''*^ 
I What must be the position of the strings that the we ij^ds nu]' 
I be in equilibrium? hoi 

I 8. Two equal weights M'',, W^ are connected t V j stDOJ 
I which passes over two small pegs A and B, and ver lupponi * 
I weight H^, which hangs from a smooth small ring thr. finougn*^ 
I the string passes ; prove that when AB is horizonta. [ ^ d^ 
L of the ring below AB is , ^^ 

m W.AB L^^H 



^B MISCELLANEOUS EXAMPLES. 

^ 9. If a quadrilateral be such that one of its diagonals divides 
it into ti . - . . .... 



10. The resultant of two forces P and Q is the same when 
their directions are inchned at the angle B as when they are in- 
clined at the angle (J»r — fl); shew that tanfl = ^2— i. 

11. A weight is supported by two strings equally inclined to 
the vertical; shew that when instead of one of these strings we 
substitute a string pidling horizontally so as not to disturb the 
position of the weight, the tension of the other string will be 
doubled. 

12. Two uniform cylinders of equal diameter whose lengths 
are as 2 : 5 and whose weights are in the ratio of 3 to 7 are 
joined together so as to form one cyhnder; find their centre of 
gravity. 

13. The resultant of /* and Q is equal laP; shew that if P 
be doubled, the new resultant is at right angles to Q. 

14. If R be the resultant of two forces P and Q, and -J be 
the resultant of P and R, prove that the resultant of ^ and Q 
'\S2R. 

• 15. A heavy right-angled triangle is suspended by its right 
angle and the inclination of its hypotenuse to the horizon is 40° ; 
find the angles of the triangle. 

16. Two strings have each one end fastened to a fixed peg 
and the other to the ends of a uniform rod ; shew that when the 
rod hangs in equilibrium the tension of the strings are in the 
ratio of their lengths. 

17. Two uniform rods are hinged together and have each a 
smooth ring at their other extremities which rings are passed 
through a rigid horizontal wire ; shew that in the position of equi- 
librium the shorter rod must be vertical. 

18. A uniform ladder rests with one end on a rough hori- 
zontal plane and the other end leans at an angle of 45° against a 
smooth vertical wall, prove that the friction required to prevent 
slipping is one-half the weight of the pole. 

19. A material particle /'is attracted to three points .^,5, C 
by forces proportional to the distances PA, PS, PC; prove 
that the resultant of these forces is in the direction of the 

Iltre of gravity G of the triangle ABC, and is proportional 
PC. 
I 1-J 
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STATICS. XXXItf. 

A heavy uniform rod AB is supported in a 
inclined 60" to the vertical by a string OA fastened t< 
point and by a liorizontal force acting at tlie lowei 
Find the inclination of the string to the vertical 

A smooth sphere is supported in contact with a 
I vertical wall by a string fastened to a point on its surface, file 
f other end being fastened to a point on the wall ; the length of 
I the string is equal to the radius of the sphere; find the position 
' of equilibrium, the tension of the string, and the pressure on the 
waU. 

22. Three forces act along the sides of a triangle j prove 
that if the sum of two of the forces is equal to the third force, the 
I resultant of the three forces will pass through the centre of the 
inscribed circle of the triangle. 

A smooth solid sphere rests upon two parallel bars in 
ime horizontal plane, the distance between the ban 
being equal to the radius of the sphere; find the pressure OH 
each bar, 

24. The horizontal roadway of a bridge is 30 ft. long aitd 
eighs 6 tons, and its ends rest on similar supports ; what 

pressure is borne by each support when a carriage weighing 
2 tons is one-third of the way across the bridge? 

25. ABC is a triangle ; AE, BF, CD are lines drawn from 
the angles lo the points of bisection of the opposite side; prove 
that forces represented by AE, BF, CD are m equilibrium. 

26. Three heavy particles are placed at the angles A, B, C 
,_ 1 triangle, their weights being proportional to the opposite 

I sides a,b,c\ prove that the distance of the centre of gravity of 
L the particles from A is 

I steelyard supposed unifonn is 40 inches 
long, the weight of the beam is equal to the moveable weigfali 
and the greatest weight that can be weighed by it is four rimeJ 
the moveable weight ; find the place of the fulcrum. 

O is the centre of the circumscribing circle ; OD, OE, 
perpendiculars from O upon the sides of the triail|le 

j4£C; prove that the six forces represented by A O, BO, COt 

OD, OE OF Ate. in equi\ibrium. 
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A body consists of two parts, A and B, whose c. G.'s 

I are at P and Q respectively ; the part B is moved so that its 

C. G. comes to Q, the part A remaining fixed; prove that the 

I c- G- of the whole body moves through a distance parallel and 

proportional to QQ- 

30. A steelyard is constructed so that for each complete 
stone (14, lbs.) placed in the weighing pan an additional weight 
of m oz. has to be suspended at the end of the arm one foot in 
length ; the odd pounds are measured by a weight of n oi. 
sliding along the arm ; prove that Ihe distance between the 
graduations of the arm for successive pounds must be 

I -^^ ,„ch«. 

^^H 31. The weights of two spherical balls are as 4 : 3 and 
^H^r densities as g : 2 ; compare their diameters. 
^^" 32. Forces of 2, ^Z^, 5, s/3, 2 ibs. respectively act at one of 
the angular points of a hexagon towards the five others; find 
their resultant. 

33. A hollow circular cylinder of weight W of thin metal 
open at both ends of radius a and height 4^ stands with its axis 
vertical on a smooth horiiontal plane. Inside it are placed 
two smooth spheres each of radius r and weight w one above 

II the other, ar being =-n and -^la; shew that the cylinder will 
^^HSt stand without toppling over when 

Hs. 



y one 

h 
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O is the point of intersection of two straight lines 
_^iecting the opposite sides of a quadrilateral ABCD; shew 
(hat forces represented by OA, OB, OC, OD are in equi- 
librium. 

A uniform lever is iS inches long; each inch weighs 

ce; it balances about its fulcrum when there is a weight 

s, at one end and 9 ozs. at the other; if the smaller 

igbi be doubled how much must the position of the fulcrum 

shifted to preserve equilibrium? 

A uniform beam rests with one end against the junction 
of the horizontal ground and a vertical wall; it is supported by 
a string fastened to the other end of the beam and to a staple in 
the vertical wall ; find the tension of the string; and shew that 
it is equal to half the weight of the beam when the length 
of the string is eijiial 10 the height of thi^ staple above Ihe 
ground. yjf 
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STATICS. XXXIH. 

7. The wind makes an acute angle with the 
direction of a ship's course, and is received on a sail 1 

direction between that of the wind and that of 
sci explain generally why the ship advances. 

8. An inclined plane of angle 30° is 3ft. long; 
7, Si 4, 8 lbs. are placed on the plane in order one I 
the weight 8 being at the top of the plane ; find the distu 
the C. G. of the weights from the base of the inclined plan 

9. In the Danish steelyard if a„ represent the dista 
the fulcrum from the end of the steelyard at which the we 
suspended, when the weight is n lbs., and the weights 
pulleys are neglected, prove that 



40. In each of the three systems of pulleys if /" a 
t displaced together their centre of gravity remains 
me position. (The weights of the pulleys are neglectedj| 

41. Find the centn 
long bent into a right a 

12. Explain how a 
of a large rough sphere 

43. A uniform wire is bent so as to form three sidefl 
BC, CD of a regular polygon; the C. G. of the w 
point of intersection of ^C and BD\ prove that the p 

44. A right-angled triangle is suspended successivelj^ 
its acute angles, and when at rest the side opposite the p 
suspension in each case makes angles 6, ifi tvith the v~ 
shew that tan 6 tan <fi 

46. Three smooth pegs A, B, C stuck in a wall foi 
equilateral triangle A being the highest and BC horita 
a. string of length 4 times BC passes round them and eadj 
is fastened to a weight J-K which hangs in equilibrium! 
BC ; find the pressure on each p 

46. A number of telegraph wires which are all practically 
horiiontal are supported by a pole A ; they all come from one 
pole B to the pole A and some of them pass on to a pok 
C and some to a pole D; shew that the pole B must have a 
stay to keep it vertical, if ftie iervsicms of the wires are all eqsaL 
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i7. A boat with a deep keel is fastened by a long rope 
to a point in the middle of the bed of a rapid river; explain how 
by keeping the boat's keel in the proper ciirection the boat may 
be made to cross from one side of the river to the other. 

48. A horizontal telegraph wire carried by a vertical post 
makes at that post a turn through 60°. The post is kept 
vertical by a wire stay fastened to the ground and to the middle 
point of the post, making the angle 30° with the post. Shew 
that the tension of the stay is 4 times that of the telegraph 

49. A square uniform lamina ABCD of weight W, has 
heavy particles P and Q, fixed to it at B and D\ it is suspended 
by a string fastened at A; prove that j4C is inclined to the 
horizon at the angle whose tangent is 

50. A pack of cards is laid on a table and each projects 
in the direction of the length of the pack as far as possible 
beyond the one below it beginning at the top; prove that the 

s between the extremities of successive cards wiU form 
c Progression. 

51. Shew that the least force which will move a weight IV 
along a rough horizontal plane is IV sin i}> where 1^ is the limit- 
ing angle of resistance. 

52. Two equal heavy particles on two equally rough inclined 
planes, of the same height, are connected by a string passing 
over the top of the planes ; shew that when the particles are on 
"le point of moving the hmiting angle of resistance will be half 

le difference of the inclination of the planes. 

53. A uniform right circular cylinder is placed with its base 
on an inclined plane, the coefficient of friiition being W3i find 
the ratio of the height of the cyUnder to the radius of the base 
that it may be just on the point of sliding and of toppling over 

54. A uniform ladder rests between a vertical wall and the 
horizontal ground, both being rough; the coefficient of fiiction 
for the ladder and wall is J, and for the ladder and ground J j 
find the angle which the ladder makes with the ground when i t.j 
is just on the point of sliding. jfl 
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55. A square uniform lamina ABCD, of weighi W, rests 
in a vertical plane with its side BC on a line of greatest slope 
of a perfectly rough plane inclined at the angle a to the horizon ; 
a string AP is attached to A the highest point of the lamina, 
and passing over a smooth pulley at P the top of the plane 

I supports a weight 'si; AP is horizontal; shew that the lamina 
fcwill be on the point of turning about 5 when T£/ = J^f' (i+tano). 

56. j45 is a smooth inclined plane of angle a; zXA the lower 
I end is a smooth hinge, to which is fastened one end of a smooth 
■uniform heavy plank AC al length ia and weight W. Between 
■.the plank and the plane is placed a cylinder of radius r and 
^weight in, which is prevented from sliding down the plane by the 

■e of the plank on it from above. Shew that the angle fl 
n the plane and the plank in equilibrium is given by the 
■-equation 

A heavy rod rests with its extremities on a rough 
I circular hoop fixed in a vertical plane ; the rod subtends 90° at 
"he centre of the hoop ; find its inclination to the horizon when 
n the hmiting position of equilibrium. 

58. Find the C G. of three weights placed at the centres of 
lie escribed circles of a triangle and inversely proportional to 
I their radii. 

Shew that if a man sitting in one scale of a common 
I balance presses with a stick against any point of the beam 
I between the point from which the scale is suspended and the 
■fulcrum, he will appear to weigh more than before. 

SO. A heavy insect of weight -01 crawls on the lower circum- 
nce of the wheel in a wheel and axle, and so just raises a 
weight 5w, the ratio of the radii of the wheel and axle being 10 
; shew that the radius of the wheel passing through the 
:t makes 30° with the vertical; and shew that the insect is 
in a position of stable equilibrium, but that if it were on the 
point of the circumference of the wheel vertically above its pre- 
sent position its equilibrium would be unstable. 

61. A uniform ladder 70 ft. !ong is equally inclined to a 
vertical wall and the horizontal ground ; the weight of a man 
1 with his burden ascending the ladder is a cwt., and the ladder 
veighs 4 cwt. ; how far up the ladder can the man ascend before 
J. slips? the tangent of the angle of resistance for the wall is 
tana for the ground \. 
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;avy particle P is placed on a rough inclined plane 
'of angle a and is fastened by a string at its full length to a fixed 
Doint A on the plane ; AB is the line of greatest slope ; prove 
ttiat when the partide is on the point of shpping 

%mPAD=^zaXa, 
and interpret the result when fi cot a> ! . 

63. Two equal smooth circular cylinders are placed with 

- tiieir axes parallel and in the same horizontal plane in the loop 

- of a thread whose ends are then held so that the free parts of 
the string are parallel ; prove that the pressure between the 
cylinders is equal to the weight of one of them. 

6t A uniform rod rests with one extremity against a rough 
vertical wall (coefficient of friction J), the other extremity being 
supported by a string three times the length of the rod, one end 
of which is fastened to it and the other attached to a point in 
tile waU ; shew that the tangent of the angle which the string 
makes with the wali in the limiting position of equilibrium is 

65. A solid circular cylinder rests on a rough horizontal 
plane with one of its flat ends on the plane, and is acted on 
by a horizontal force through the centre of its upper end; 
if this force is just sufficient to move the solid, prove that it 
will begin to slide or turn over, according as the coefficient 
of friction is less or greater than the ratio of the radius to the 
he^ht. 

66. A square figure ABCD is formed by four equal uniform 
rods joined together, and the system is suspended from the joint 
A, and kept in the form of a square by a siring joining A and 
C ; prove that the tension of the string is half the weight of the 
four rods, and shew that the action at the joint B is horiiontal 
snd equal to the weight of a rod. 

67. Two uniform beams of equal weight hut of unequal 
length are placed with their lower ends in contact on a smooth 
horizontal plane and their upper ends against two parallel 
vertical planes; shew that in the position of equilibrium the 

Pfaeami arc equally inclined to the horizon. 
68. Three equal rods AB, BC, CD without weight are con- 
nected by hinges at B and C and are moveable about hinges at 
A and D, the distance AD being twice the length of each rod ; 
a force P acts at the middle point of each rod and at right 
angles to it; shew that the pressure on each of the hinges A 
and D will be \P1J3, and that its direction will make 60° 
with AB. 
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69. A uniform heavy cube balances on the highest point of 
a fixed sphere of radius r; the surfaces are sufficiently rough 
to prevent sliding ; the side of the cube is \irr ; shew that tie; 
cube may be made to rock through a right angle without falling. 

70. Four heavy rods, equal in all respects, are freely jointed 
at their extremities so as to form the rhombus A BCD, If this 
rhombus is suspended by two strings attached to the middle 
points of AB and AD^ each string being inclined at the angled 
to the vertical, prove that in the position of equilibriunHthe 
angles of the rhombus will be 2^ and tt - 2^. 

71. A plane of small slope rises one foot vertical for n feet 
horizontal, and the coefficient of friction is /a ; shew that the 
force which will just move a weight W up the plane is nearly 

72. A light rod rests wholly within a smooth hemisphe(|ical 
bowl of radius r, and a weight W is clamped on to a roid at 
a point whose distances from the ends are a^ b. Shew that m the 
inclination of the rod to the horizon in the position of jequi- 
librium is given by the equation z^ir^-ab) sm 6=^a-b, 

73. The poles supporting a lawn-tennis net are kept I in a 
vertical position by guy-ropes, one to each pole, which! pass 
from the top of the poles, round pegs distant 2 ft. . fronji the 
poles ; the coefficient of limiting friction between the ropes and 
pegs is f ; the poles are 4 ft. high ; shew that the inclination of 
the pegs to the vertical must not be less than tan ~ ^ f^. 

74. A uniform heavy rod is placed across a smooth/ hori- 
zontal rail, and rests with one end of the rod against a snnooth 
vertical wall ; the distance of the rail from the wall beiiiig one- 
sixteenth of the length of the rod, prove that the rod willf rest at 
the angle 60° with the horizon. : 

75. A heavy sphere hangs from a horizontal bar by (a string 
whose length is equal to the radius, and it rests against a 
parallel smooth bar vertically below the former, the pistance 
between the bars being equsJ to the diameter of the' sphere; 
prove that the tension of the string is double the prejissure on 
the bar. ' 

76. Two equal rods without weight are connected at their 

middle points by a pin which allows free motion in a vertical 

plane ; the rods stand on a horizontal plane and their upper ex- 

trcmities are ^ ^d by a string which carries a weight 
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Prove that the point in the thread to which the weight is fastened 
rests halfway between the pin and the horiiontal line joining the 
npper ends of the rods. 

77. A smooth circular ring of radius a and weight W rests 
on two parallel horizontal bars which pass through the ring. 
The shortest distance between the bars is ib, and it makes 
(he angle a with the vertical. Prove that the stresses between 
the ring and the bars are 

(rsiii(a-a)cosec(9 and li'sin (a + fl) cosec fl where cose=-. 

Ej:plain what is indicated by this result when i=-a. 

78. A square lamina is placed with its plane vertical reslingj 
on two smooth parallel bars in the same horizontal plane, she*l 
'hat when it is in equiUbrium the inclination of one of its edges \ 
'o the horizon is half the angle whose sine is — j 
'he length of a side of the square and c the distance between 

79. Two rods AB, BC of equal weight but unequal lengths j 
Ire hinged together at B, and their other extremities are at- 

ached to two fixed hinges A and C in the same vertical line; 
arove that the line of action at the hinge B bisects the straight 1 
:ine^C. ' 

80. A three-legged stool stands on a horizontal plane, the 
coefficient of friction being the same for each of the three feet. 
j'V small horizontal force is applied to one of the feet in a given 
direction, and is gradually increased until the stool begins to 
■ tinve. Shew that this force will be greatest when its direction 

■ fi.rsects the vertical through the Centre of Gravity of the 

81. An inextensible string binds tightly together two smooth 
liriders, radii r,, r^; shew that the ratio of the pressure 
lueen the cylinders and the pressure by which it is produci '■ 

4~'(n'-!) 
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82. A roof of given span is to be constructed with two equal 

■aiLis which are connected at the vertex by a single smooth 

■ : Ihc weight of the roof is proportional to the length of the 

ins ; shew that when the pressures on the walls are the least 

K||ble their direction makes the same angle with the vertica)_ 

^Hn die beams make with the horizon, 
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83, One end of a string of length / is fastened t( 
in a smooth vertical wall, and the other to the midd 
one of the edges (of length h) of a cube ; shew that the distance 
of the edge of the cube which rests against the wall from A is 
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string whose tension is Q; prove that cos BAD= ^ 



sphere of radius a and weight W is suspended by a 
string of length / from a given point A ; another body of weight 
W is also suspended from ^4 by a string so long that JK hangs 
below the sphere; shew that the angle which the first string 
makes with the vertical is the angle whose sine is 
Wa 

85. A uniform equilateral triangular lamina has the endsrf 
a string fastened to two corners ; the loop of the string passes 
over a smooth horizontal bar; shew that when the length of ihe 
string is double the height of the triangle the stable position d 
equilibrium of the triangle is with one side vertical. 

B6. Four equal rods are hinged together so as to form » 
z\\om^ii5 ABCD; the points A and C are joined by a sltil^ 
whose tension is P ; and the points B and D are joined by t 

87. The ends of a string are fastened to two fixed 
and weights are suspended from different points in the stnn?! 
shew that the horizontal resolute of the tension of the strinKit 
constant throughout its length, and that when the weights ■! 
all equal the tangents of the angles which the successive pOfr 
(ions of the string make with the horizon are in Arithmflfc 
Progression. 

88. Two light small rings are capable of sliding along 
rough horizontal rod ; a smooth string of length \l paSH 
through each of the rings and has both ends attached to « 
weight; shew that the greatest possible distance between At 

I ■ " / >**"' 

89. A uniform rod rests wholly within a rough circular WbBt 
is perpendicular to the axis of the tube, and subtends the an^0 
at the centre ; shew that B the inclination of the rod to ™ 
horizon in its limiting position is given by 

sian».,in!.,ecO+.)eo„c(S-a), 
where Ian a is the coefficient of friction. 



point of sliding is given by t; 
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90. Three equal spheres placed in contact with each other 
o a horizontal plane support a fourth equal sphere ; prove that 
when the spheres and the plane are all of the same material 
Iheir coefficient of friction cannot be less than i(V3-\'3). 

A rectangular table stands on a rough inclined plane 
vo sides horizontal ; the distance between the legs is 2a, 
and the height of the C. G. is A; the coefficient of friction of 
the lower pair of legs with the plane is ji and of the higher \t ; 
prove that the angle 6 of the plane when the table is on the 

Shew that no smooth uniform rod can rest partly within 
and partly without a smooth hemispherical bowl at an inclina- 
tion to the horizon greater than the angle whose sine is Jv'3- 

93. Two equal uniform beams AB,AC of weight W, con- 
nected b^ a smooth hinge at A, are placed in a. vertical plane 
with their extremities B and C resting on a smooth horizontal 
plane. Two strings connect B and C respectively with the 
middle point of the opposite beam. Shew that the tension of 

■jch string is \ ^^(9 tan'a+ 1), where m is the angle between 

■k beams. 

Hn(. A uniform rod rests symmetrically in a horizontal 
fmtion inside a rough right circular cone, whose axis is ver- 
tical and vertex downwards. The semi-vertical angle of the 
cone is 60', and the coefficient of friction between the rod and 
the cone unity. Prove that the cone may be tilted through an 
anele tan^'a in a vertical plane passing through the rod without 

§ig the cone to slide. 
. Two equal uniform rods have one end of each connected 
smooth hinge ; ihey are placed in a vertical plane with 
other ends resting on a smooth horizont^ plane ; their 
middle points are connected by a third unifonn rod, half of one 
of the other rods in weight and length. A weight equal to half 
the horizontal rod is suspended from the hinge. Prove that 
"■ t boriiontal stress along the horizontal rod is V3 times its 

ABC is a triangle of jointed rods ; BC is held fixed 
I AB, AC are acted on by forces at their middle paints pcr- 
^cuur and proportional to them. Prove that the react' 
f is along the tangent at A to the circumscribing circle. 
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97. Two uniform rods j4B, A C each of length ia, are^^H 
jointed at A and have their other extremities connected bjtfl 
string. The rod AB is placed so as to be in contact withlfol 
horizontal bars D and E in the same horizontal plane ; the lod I 
is perpendicular to the bars and passes over D {which is nearer I 
A) and under E. Prove that equilibrium will not be possible 1 
unless AE^aco^^^BAC. I 

98. A uniform rod of weight W rests in a horizontal position 
with its ends on the circumference of a rough fixed vertical 
circle, and subtends an angle 2a at the centre. An insect of 
weight w starts from the middle point of the rod and crawli 
gently towards one end. Prove that if e the angle of friction bt 
less than 45°, it will be able Co reach the end of the rod withoul 
disturbing the equilibrium, provided (W+w)sin a^a-a/sin 

99. A regular pentagon ABCDE, formed of five eqoil 
heavy rods each of weight W, jointed together, is suspenood 
from the joint A, and the regular pentagonal form is maintaioed 
by a rod without weight joining the middle points ^Z of SClni 
DE, Prove that the stress at A" is 2 f^cot 18°. 



ABC; OL, OM, ON are the perpendiculars on its' sides. 
line LMN meets the perpendiculars from ABC on the opposK 
sides in /", Q, R respectively. Forces OL, OM, ON, OP, QQ, 
OR act at ; prove that their resultant is ^OK, where K i»tf 
ortho-centre. 
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Caubkidge Previous Examination. Part III. 
Additional Subjects. Ocieber, 1886, 



ow many minutes of angle does the bour hand of a watch pass OTer 
linuteoftime? 

Shew from the definitions of the trigonometrical functions that 

Prove also that 



3. If thiee forces acting at a poinl be in equilibrium, and aoy tri- 
angle be drawn having its sides parallel to the lines of action of the 
forces, the forces will be proportional in magnitude to the sides of the 
triangle. 

A heavy particle is held at rest by means of two strings attached to 
it, one of which Is horizontal. If the tension of one string is double 
thai of the other find the inclination to the vertical of the siring which 
is not horizontal. 

4, Find the resultant of two unlike parallel forces. 

Prove that any given force can be resolved into two parallel forces, 
one of which is double the given force ; and exhibit in a diagram the 
relative positions of the force and its two components. 

6, Find the line of action of the resultant of three forces which 
are completely represented by the sides AD, CB, CD, of a parallelo- 
gram A BCD, 

Q, Shew that the algebraical sum of the moments of two forces 
acting at a point about any point in the line of action of their resultant 

If the moments of two given forces about a point in their p 
equal and in the same direction prove that the point must lie 01 
tain straight line. 
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7. Having given the weights and the centres of graviiyS 
I whple of a bod/ and of one part, shew how to find the 

of the remaining part. 

ABCD \i a parallelogram and the inteisectian of its diagMMls. 
If the triangle AOH be removed, find the centre of gravity of llie 
remainder of the parallelograin. 

8. A straight horizontal lever has for fulcrum a hinge at one eld 
A, and at a point B is hung the weight W. If the strain on the Ui^ 
must not exceed ^W either upwards or downwards, prove that ibe 
power must act somewherE within a space equal to | AB. 

9. Find the ratio of the power to the weight in any one splem of 
movable pulleys, the weights of the pulleys being neglected. 

In that system in which each pulley hangs by a separate string theW' 
are four movable pulleys whose weights in order, beginning with Ifaa 
lowest, are 4 lbs., 3 lbs., 1 lbs., and 1 lb. Find the power required to 
support a weight of 38 lbs. 

II. Cambridge Previous Examination. Part III. 

Additional Subjects, Dramier, 1886. 1 

1. From the delinitions of the trigonometrical functions prove tii^ 

cos".^ + sin"^ = i, and cosec'^ tan'-^ = 1 + tan'..4. 
Prove that 4(cos»yf + sin«^) -jfcoa*^ -sin*^)= = 1. 

2. Investigate the values of cot 45° and cos 30'^. 

Two adjacent sides of a parallelc^ram are of lengths 18 and ilU^ 
the angle between them is 110°; find the lengths of both diagonals. 

3. Enunciate the Parallelograin of Forces, and assuming its tmR' 
prove that the resultant of two forces P, Q acting at an inclination Itt' 
one another is 

JP' + Q'i-iPQcosa. 
A siring, which passes over 3 smooth peg, has its ends attadicdlf 
the ends of a uniform bar, the bar resting in a horiMintal 
Shew that the tension of the string is diminished if its length be itc 

I. Explain what is meant by resolving a force, and shew lint t 
force may be resolved into two components in an infinite number <t 
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La force PnctE along ihe bisector of a right angle ^.^C; 
b componenls along AB, AC. 

Stale the rule for finding the magnitude and line of action of 
It resultant of two parallel forces. 

pParallel forces of a, 3, 4, 8 lbs. act at points in a straight line 
I foot from each other, the first three forces acting in the same 
Bction, and the last in the opposite direction; ^nd the centre of the 

a body consist of two parts, whose weights and centres of 
given, find the centre of gravity of the whole body, 
le centre of gravity of a plnne lamina in the form of an 
eceles triangle right-angled at ^, and having the side BC of length a. 
e portion GBC being cut away, find the distance of the centre of 
nfily of the remaining piece from A. 

If a heavy body be held up by three strings attached to one peg, 
e that the peg and the centre of gravity of the body must be in the 
le vertical line. 

Weights of 7i and i\ lbs. are suspended from the ends of a 
night uniform bar of length j ft. and weight 10 lbs. If the ba.r be 
icross a fulcrum distant 15 inches from the greater weight, where 
a weight of 15 lbs. be suspended so as to produce equilibrium? 

Describe the system of pulleys in which each string is attached 
lar to which the weight is attached; and when the weights of the 
^s are neglected, shew that W—P^V^- 1), where « is the number 

\ Shew that by neglecting the weights of the pulleys in our colcuiatioi 
are making the mechanical advantage appear too small. 

III. Cambridqe Previous Examination, Part III. 
Additionai, Subjects. Juitt, 1887, 
1 1, Define the sine and tangent of an aoglei and shew how tog 
le and tangent of an angle whose cosine (nr) is given. 
ainJ = taiiZf, prove that 

cos'^cos''5=(cos5 + sin5)(cos.5*sin,fl). 
B 2> Trace the changes in the tangent of an uigle as the ■ 
ages from 180" to ijo". 

jinfl = -i, finil tanS; and eiplain, by means of a figure 
why there ate two answers to this question. 
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J. 1/lwo forces /"and act at the same poiol, and if their directions 
e B-itb each other an angle 0, find the magnitude of their resultanl. 
A bnllet weighing 4 uz., suspended from a fixed point by a string 
~ 1. long, is kept by a burizontal force iu equilibrium a[ a distance of 
1. from the vertical line through the point of suapen^on. Find tht 
I tension of the string- 
Shew how to resolve a force into two forces, acting in the 
I directions of any two given lines passing through its point of appli- 

The side SCoftt square ^SCZi is bisected at £■, and a force i'eett 
E along v4£. Resolve Ihis force into two forces, acting respectively along 
f ABaaAAC. 

5, Find the resultant of two like parallel forces P and Q, acting 
a body at two points A and £, 
A uniform iron rod ■i feet lung, whose weight is ylbs. . is placed 
1 npon two nails, which are fixed at two points A and £ in a vertical 
I 'wall. AB is horizontal and 5 inclies long. Find the diati 
I which the ends of the rod exlend beyond the nails, if the diffeteace of 
essures oti the nails be j lbs. 
ABC, ABD are equilateral triangles on opposite sides of the 
I base AB. Forces of libs., 3 lbs., s 'bs. act respectively along AC, 
\ CB, BA. Prove that their resultant passes through D, and tind ill 
• magnitude. 

Find the centre of gravity of a uniform triangular plate. 
Find the position of the centre of gravity of a uniform heav; wiKi 
bent into the form of a quadrilateral figure, having two uf its oppoiUe 
sides eqaal to one another and 4 inches long, and its other two »da 
parallel to each other and respectively 3 inches and 7 inches long. 

A uniform straight lever, 1 feet long, weighs 3 lbs. A weight 
of gibs, at one end of it balances a weight of 16 lbs. at the other eod. 
Find the position of the fulcrum- 
Find the ratio of the power to the weight in the case of a 
Ksyslem of pulleys, round each of which a separate string passes and htt 
ts ends fixed to a borizonlal bar to which the weight is attadieili 
le strings being all parallel, and there being four pulleys, the wei|^B£. 
each of which i* one-htilf thai of the power. ■' 
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Cambridge Prbvioub Examination. Part III. 
Additional Subjects. October, 1887. 



1. Define the cosine and cotangent of an angle and express each of 
them in terms of the cosecant. 

Prove that 

(sec' ^ + tan» ^) (coaec= .^ + cotM) = i + 1 sec= ^ CO 

2. Trace the changes in sign and m^nitude of the sine of an angle I 
as the angle increases from 0° to 180". 

If the sine of an angle be >■ --p and the cosine of that angle he > 

between what limits does the angle lie? 

3. Assuming the truth of the "parallelogram of forces" for the 
direction of the resultant of two forces, prove its truth for the magnitude 
of the resultant. 

Prove that the resultant of two forces P and /*+ Q acting at a 
angle of [lo" is equal to the resultant of two forces Q and P+Q acting 
at the same angle. 

i. If three forces acting at a point be represented in magnitude 
and direction by the three sides of a triangle taken in order, prove that 
Ihey are in equilibrium. 

ASC is a triangle, ZJ, £ are points in .^S and .^ C respectively, J£, 
CZ> cut in ; indicate the direction of the resultant of forces represented 
by CD, BE. 

5. Prove that the algebraical sum of the moments of two forces 
about any point, outside the angle formed by their directions, is equal 
to the momeot of their resultant about the same point. 

6. Prove that the centre of gravity of a triangle coincides with 
that of three equal heavy particles at its angular points. 

If the triangle ABC weigh 6 02,, what weight must be placed 
so that the centre of gravity of the whole may bisect the line joining 
to the middle point of BC P 

7. If a body be suspended by a string from a fixed point the 
of gravity will be vertically below the point of suspension. 
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3. Give examples of the different kinds of levers, pointing out 
those in which there is mechnnical advantage or disadvantage. 

A lever, 30 inches in length, has weights 3 lbs. and 15 lbs. fasteMd 
) its ends and balances about a point 9 inches from one end : whnt is 
the waght of the lever? 



V. Cambridge Previous Examination. Par-!' Ill, 
Additional Subjects. Daeniia; 1887. 

L, Trace the changes in sign and magnitude of the tangent of an 
angle as the angle increases from o" to 1 80° 

If 3 sin ^4- a cos .4 =3, find the value of tan A. 

2, Find the value of sin 45°, sin 60°, and sin 90°. 
Usin(4.4 + 3S) = i5in(3^+S) = i, find ^ and 5. 

3. Define the I'esolved part of a force in a given direction. She» 
that the component of a given force in a given direction maf \x of MJ 
magnitude, and determine the direclion and magnitude of the olhis 
required component, enunciating the proposition you assume. 

I. If three forces acting at a point are in equilibrium ihey Cl 
represented in magnitude and direction by the three sides of a trian^ 
taken in order. 

Find the resultant of two forces of 10 lbs. and gibs, acting at BI 
angle whose tangent is A- 

). Find the magnitude and line of action of the resultant of too 
unKke parallel forces. 

The resultant of two unbke parallel forces of 10 lbs. and iSlbfc 
acts in a line at a distance of ra fl. from the iine of action of [he letf 
force; what is the distance between the lines of action of the 

), Shew that every system of heavy particles has one and 011I7 09J( 
i centre ofgravily. 

ABC is a triangle right-angled at A; AB and AC ate 19 &dn 

id rs inches respectively. Weights of 1 01., 3 oz., 4 ai. are placvf itf 

I A, C, 8 respectively : tind the distiinces of their centre of gravity fttnB 

r £and C. 
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One cornet of a square sheet of paper, whose side is 1 fool, is 
^ed down so as to coincide with the centre of the ^uate. Find the 

« of the centre of gravity of the paper from the centre. 
■ 8. Define a lever, and Rnd the condition of equilibrium on n straight 



[ A uniform lever, 1 yard long, weighs 15 oz. The folcrum i 
le end. What force will be required at either end to caui 



Find the condition of equilibrium on the system of pull! 
h 3II the strings, being parallel, are attached to the weight. 
I If there he 3 puUies, each weighing 8 oi., what weight will a poi 
l^lbs. support? 



Cambridge Previous ExamI-N. 
Additional Subjects. Ju 



Define the tangen 

m in terms of the cc 

\ Prove thai see' A > 
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Arrange in order of magnitude sin 17°, cos [7°, sec 17° and 
7", proving that the order you give is correct. 
IfSbew that there is an angle less than a right angle whose cosine is 
s tangent. Find the value of the sine of this angle correct to 
: places of decimals. 

3, Define the resultant of any number of forces. If Ihe grentesE 
resultant that two forces can have be P, and the least resultant they 
can have be Q, lind what their resultant is when they act on the same 
particle in directions at right angles to each other. 

4. If two forces, acting at a point O, be represented in direcEioa 
and magnitude by the sides AB. BC of the triangle ABC; prove that 
the side v(C will represent their resultant. 

The side BC of an equilateral triangle ABC is bisected at D, and 
forces sje represented in direction and magnitude by BA, BD. Find 
the magnitude of their resultant if the force along BD be equal It 
weight of one pound. 



5. Find Ihe resultant of two unequal parallel forces acting to 
the some parts. 

Pmve that Ihe moment of the resultant of these two forces al 
any point, situated between their directions, is equal to the algebiac 
n of the moments of the component forces. 

6. Define the centre of gravity of a body, and shew how to find 
(hat of three unequal particles placed at the three angular points oft 

Find the centre of gravity of sii heavy particles, situated along I 
straight rod, the successive particles weighing i, 4, g, 16, 35, jfignim 
respectively [ the distance between the first and second particles being 

inch, and the distances between the others being respectively 3, f, 
J and 9 inches. The weight of the rod need not be taken into account. 

'. If a body be placed upon a horizontal plane, what is the condition 
that it may stand upon it without falling? 

In the side CD of a. uoiform square plate ABCD a point E is takal 
and the triangle ADE is cut off. Find the length of BE so that lit 
plate ABCE may just be able to stand with its side CE on a baiiiont»l 
plane, the side of the square being a inches long. 

J, Find the condition of equilibrium in the system of pulleys, b 

which each pulley hangs by a separate string, one end of each awiaE 

being attached to a beam above the pulleys. The strings may k 

isidered all to be parallel, and the weights of all the pulleys lo be 

(he same. 

VII. Cambridge General Examination for i 
B.A. Degkee. Statics. December, 1 
L, Define Force; shew that forces may be represented by stnugbt 
i; mention the principal classes of forces with i 
^rned in Elementary Mechanics. 

!, Enunciate the proposition Itnown as "the parallelogram irf 
~^ '-~-- "iM t SO far as the direction of the resultant is concernrf 
,fo,™. 

id Q of given magnitude act at a point A and fliC 

^ sed. Shew that if the direction of Q cliange, tbr 

i ght line drawn from A representing the resullanl ik 

the ciicumleience of a fixed citcle. 
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Prove that the moment of the resultant of two forces which act 
■ point about any point O in the plane of the forces is equal to the 
Sbraical sum of the moments of the forces about the same point O in 
fccnse when the poinl lies within the angle between the directions of 

Rnd the magnitude and line of action of the resultant of two 
■llel forces which act at given points in the same direction. 

DeGoe the letm Centre of Gravity, and shew how to delennine 
sntre of gravity of a system of heavy particles. 
. straight rod AE without weight is divided in the points B, C, D, 
AB : BC •. CD : DE -.: \ : I : % : ^, 
B weights of I, 1, a, 4 Ihs. are placed at the points B, C, D, £, 
ectively ; shew that if G be the centre of gravity of the system 
AG : GE :: i : i. 
Shew how to find the centre of gravity of a plane triangle of 
m thickness and density. 
, Shew that Ihe centre of gravity of a plane quadrilateral cannot 
Kude with that of four equal particles placed at its angular points 
a the quadrilateral be a parallelogram. 

Describe and explain the mode of graduating the Common 



Find the relation between the power and the weight when there 
Iquilibrium in that system of pullies in which the strings are parallel 
nity of each string is attached to a fined beam. If there 
IT moveable pullies the weight of each of which is i lb., find the 
•r when the weight supported is 33 lbs. Find the whole strain on 
Bxed beam- 
Find the condition of equilibrium when a weight is supported 
,h inclined plane by a force acting parallel to the plane. 
o weights are connected by a fine string and supported upon a 
t double inclined plane whose base is hori;iontal, the string 
: btersection of the planes; prove that Ihe weights are 
rtioael to the lengths of the planes on which they rest. 
d Ihepirts of the whole weight supported at the points where the 
A at the intersection of the planes, in the case when the 
IS of the planes to the horinon are respectively 60" and jo"^, 



Vlll. Cambridge General Examination for tHB ^kBH 
B.A. Degree. Statics. Jinie, 1887. ■ 

1, Define/or«, multaTil, compenenS. \ 

I Find ihe resultant of seven differeni forces ucting in (he s 
I Etraight line on a. point, three iit one direction and foui in the other; 
I and shew that if one of them be reversed in direction, the cha.iige in the 
I resultant will be twice the magnitude of this force. 
I 2. Enunciate the proposition known as "the parallelograli 
I forces," and assuming it to be true as regards the direction of the 
I resnltant, complete the proof. 

I If two forcES be inclined to one another at an angle of three haltfes 

I of a right angle, find the ratio of their magnitudes when the resultant 
I equals the less. 

I 3. State and prove the polygon of forces. 

I ABC is a triangle ; Zl, £ are the middle points of AB, AC: shew 
I that forces acting at a point reptesenled in magnitude and direction by 
I DB, BC, CE are equivalent to forces represented by DA. AE. . 

4, Find the resultant of two parallel forces that net in opposite 

directions. 

Two men, one stronger than the other, have to remove a. block of 

stone weighing joo lbs. with a light plank whose length is G feet : the 
I weaker man cannot carry more than loolbs,, how must the stone b« 
I placed on the plank so as just to allow him that share of the weight? 
W 5. Detine the moment of a force about a point, and shew that, if 

the algebraical sum ol the rooments of two forces about a. point is M 

that point is 00 their resultant. 

6. Find the centre of gravity of a uniform triangtilar plate. 
L What is the form of a triangle, if its centre of gravity coincides wirt 
^the centre of a circle circumscribing it? 

H 7. How can the centre of gravity of a body be practically deter. 
Hlnined by suspending it by a string? 

■ 8. Find the ratio of the power to the weight in a system ot » 
■'Weightless pulleys in which a separate string posses round each and ll 
P Attached to a moveable beam from which the weight is suspended, tbv 
I sitings being parallel, 
r If theie be four pulleys atianged as described, and if the three 
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moveable pulleys beginning with the lowest weigh F, %F, ^P respec- 
tively, shew that if ibe system be acted upon by a powei P it will 
support a weight },iP. 

B, It a weight W rests on an inclined plane when acted upon by a 
horizonlai force P, shew that P : W ■.: height of plane ; base of plane. 

If the pressure on the plane be double the weight, what is the angle 
of the plane? 

lATlON FOR THE ORDINARY 

December, 1887. 

1. Define the terms "force" and "weight," and enumerate the 
chief forces with which we have to deal in Statics. 

How may the weights of two bodies be compared? 

2. Enunciate the "Parallelogram of Forces." Prove its truth so 
far aa the direction of commensurable forces is concerned. 

The resultant of two forces acting at an angle of j of a right angle 
is perpendicular to the smaller component. The greater component 
is equa] to a weight of 50 lbs. Find the other component and the 
resultant. 

3. Shew that if two forces acting at a point be represented in 
direction and tnagriitude by two sides of a triangle taken in order, the 
third side of (he triangle, not taken in the same order as the other two, 
represents their resultant. 

Three forces are completely represented by the lines joining the 
angular points of a triangle with the middle points of the opposite sides. 
Shew that they are in equilibrium. 

4. If three forces in the same plane be in equilibrium, prove that 
Ihey are either all parallel to each other or all meet in a point. 

A uniform rod has its lower end fixed to a hinge, and its other end 
attached to a string which is tied to a point vertically above the hinge. 
Shew thai the direction of the action at the hinge bisects the slrii^. 

5. Define the centre of gravity of a body, and find the position of 
the centre of gmvity of three equal weights placed at the corners of a 

Weights of (, 3, I and 7 lbs. are placed at the comers of » square' 
taken in order. Shew that iheir centre of gravity is midway betwi 
unc of the sides of llie square and the intersection of the diagonals. 9 



^ 
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6. Describe a method hy which the cenlre of gravily of a (lU 
piece of metal of any shape may be pracdcallj found. Prove ttie 
principle on which the method depends. 

7. What are the different classes of levers? Give an example of 

A straight uniform lever, whose weight is 15 lbs. aad length 3 yards, 
rests in equilibrium 011 a fulcrum when a weight of 3 lbs. is suspmded 
&om one extremity; find the position of the fulcrum and the pressure 

8. Find the condition of equilibrium in the system of pullqis in 
which the same string goes round all the pulleys and the parts of Uts 
string between the pulleys are parallel. 

If a power of 3 lbs. will just support a weight of 11 lbs. suspended 
&oni the lower block, the number of strings being four, find the w^^it 
of the lower block. 

9. A weight is supported on a smooth inclined plane by a powv 
acting parallel to the plane. Find the relation between the power and 
the weight. 

If the weight be 10 lbs., and the power g lbs., what is the pressure 
on the plane? 



I. Cambridge General Examination for the Ordinary 
B.A. Degree. Statics, ytiiti, 18SS. 

1. Define a force. What three elements must be known in order 
to determine a force completely, and how can forces be represented by 
straif^ht lines? 

2. Enunciate the "Parallelogram of Forces," and prove it alio 
the direction of two commensurable forces. 

The sum of two forces Is 36 lbs., and the resultant, which is at right 
angles to the smaller of the two, is 14 lbs. Find the magnitude of tlie 

3i State and prove the polygon of forces. 

Forces represented in magnitude and direction by the diagonals of a 
parallelogram act at one of the corners, what single force will counlei- 
Ihem? 
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When Iwo parallel forces act in opposite directions shew that 

oment of their resultant about any point in Iheir plane is equal to 

: algebraical sum of the moments of the two forces about the same 



A thin board in the form of an equilateral triangle, and weighing 
Bib., has one quarter of its base resting on the end of a horizontal 
l&le, and is kept from falling over by a string attached to its vertes 
a point on the table in the same vertical plane as the triangle. 
I the length of the string be double the height of the vertes of the 
le above the base, And its tension. 

6. Shew that every system of henvy particles must have a centre of 
»vily, and find that of four equal weights placed at the corners of a 

A uniform bar 4 yards long weighing tj lbs. has three rings each 
jghing 6 lbs. upon it at distances i foot, 5 feet and 7 feet from one 
At what point will it balance? 
If the centres of gravity of a whole body, and of a part of this 
Wyi be known, shew how to find the centre of gravity of the 

I One comer of a square is cut off by a straight line passing through 
■ middle points of two adjacent sides. Find the position of the 
'e of gravity of the remainder. 

7. Describe and graduate the common steelyard. 

8. Find the condition of equilibrium in the system of pulleys in 
which each string is attached to the weight. 

If there are five moveable pulleys each weighing half a pound, and 
e weight is 35 lbs., what is the power? 

I fl, A force P acting up an inclined plane supports a weight JFon 
If R be the reaction of the plane, prove that 




R : : height of plane : length : base. 



J 



XI. Oxford and Cambridge Schools Examination. Jtme, tW^ 

Note. — (i) /« arder to pass in Elimentaty and Additiaaal Mtlkt 
I malks, a Candidale must satisfy Ihe Exaniintrs in Part I. 

{l) Diitincthn in Malitmatia ■will depend upon the CandUnUt 
' vxirk in the whole of the Paper. 
\ Part I. 

1, Assuming Ihe parallel ggram of forces as regards Ihe diredion, 
L prove its truth for the niagniludc of the resuhatit. 
L Two forces are represented in direction and magnitude by the 
I diameters ^C, d£> of the parallelogram ^£CZ>; lind the resultant bf 
I means of a geometrical construction. 
I 2. Find the resultant of two given like parallel forces. 
I A beam AB., of length 15 feet and weight 200 lbs., whose ceatn 

■ of gravity is at a distance 7 feet from A, is supported in a hoiizontll 
K position by props at A and S. Find the pressure on the prop at A, 

■ 3, From a body, the centre of gravity of which is known, a givto 
B portion whose centre of gravity is also known is cut out: shew how the 
K centre of gravity of the remainder may be delermined. 

■ On a radius of a given sphere as diameter another sphere Is described 
I and the latter sphere is cut out of the former. Find the centre oE 

gravity of the remainder, assuming that the volume of a sphere TSliW 

' as the cube of its radius. 

4. A smooth uniform beam, of weight Wlbs, and length 6 feel, 
rests with one point of it on the top of a fixed vertical post 3 feet falgb. 
The lower end of the beam is on the hori^iontal plane througb ihe ib(K 
of the post and connected with (he latter by a string 4 feet long. Find 
the tension of the string, 

k 5. Find the conditions of equilibrium of a body of given weigh! 

K supported on a smooth inclined plane by the action of a horiionttLl 

H Two particles A and B ate connected by an inextensible string and 
H their weights are such that when they are placed one on each of twa 
H-inclined. planes having a common altitude, they are in equilit 
W ihew that the centre of gravity of the two masses is always 
I ban'tonlal line for all positions □! equiVUiivum. 



-quili bdjBM 

M 



BXAMTHATION PAPERS. 

Part II, 
^fi. Stale the lawa of limiting friction. 

i. body is placed upon a rough inclined plane of ai^le o, 

n eqailibrium by a farce, whose line of action makes the i 

ll the line of 




The rest of the pafsr is on Dynamki. 
Open Compbtition for Roval Military Academy, 

Woolwich. Dicembir., 1886, 
How are forces measured in Statics? Can three forces, ptopor- 
PUonal to g, 5, 3, respectively, acting in one plane on a particle, be 
■jranged as to be in equilibrium? State and prove any proposition 
It involves the answer to the question. 

Two equal forces inclined to each other at a given angle act on 

d point ; find the pressure on the point. 

iTwo equal weights {W) are attached to the extremities of a Ihin 

g which passes over three tacks in a wall arranged in the form of 

oaceles triangle with the base horizontal, the veitical angle at the 

■r tack being 110°; find the pressure on each tack. 

KS, If a straight uniform rod is suspended by a thin string fastened 

idle point, and be kept in equilibrium by Iwo weights on the 

sides of the middle point, find the tension of the string by 

icfa the rod is suspended, and shew how the weights are related to 

I A straight lever 1 feet long is movable about a hinge at one end, 

gi is kept in a horiiontal position by a thin vertical string attached to 

p lever at a distance of 8 inches from the hinge, and hstened to a 

d point above the lever ; if the string can jusi support a weight of 

ithoul breaking, find the greatest weight that may be sus- 

Q the other end of the lever. 

I 4i Shew that any system of forces acting on a rigid body it 

le may be reduced to a single force and a single couple. A rod ii 

in any given position with one end on a smooth Hoor and the 

r end against a smooth wall. Find a single force ft 

El^le which Ii^ethcr will keep it at rest in that posi 




a. plane bisecling iti 
; from the centre of gravity of * 
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5, If a right cone be cut I 
distance of the vertex of tlie a 
Enistum thus cut off. 

6, la (hat system of three pulleys (usually called the third system) 
where each string is attached to the weight, and the weights of tfa^ 
pulleys ajre all equal, find the relation of the power ti 
when equilibrium is established. If each pulley weighs 1 ounces, what 

■eight would be supporled by the pulleys alone? 
If the weight supported be 25 lbs. and the power jibs., dad vbit' 
■ must be the weight of each pulley. 

7, Find the force acting up and parallel to a given loug^ incliod 
I plane that is just able to move a weight Up the pla 

Two equal weights are attached to a string [hat is laid over the top 

f two inclined planes having the same altitude and placed back to 

I back, the angles of inclination of the planes being 30° and 60" re 

[ lively, shew that the weights vrill be on the. point of moving if the 



I coefficient of friction between each plane and weight be 



W3' 



8. Stale the principle of virtual velocities. Assuming the principle 
true, deduce from it the condition of e<juilibrium on a bent lever of 
unequal aims when acled on by weights suspended at the 1 
the arms, and shew that for an infinitely small displacemei 
of gravity of the weights will neither ascend nor descend. 

A lamina in the form of an isosceles triangle, whose vertica] 
1 angle ts n, is poised upon a sphere, radius r, SO that its plane is vertical 
of its equal sides (aj is upon the surface of the sphere ; 
W the equilibrium will be stable in the plane of the triangle if si 
itethan ^. 

10, Define the unit of work, and explain how it varies with the 
nits of length, mass, and time. 
A chain weighing 8 lbs. per foot is wound up from a shaft by Che 
I Expenditure of four million units of work ; Rnd the length of the chain. 
A cylindrical shaft has to be sunk to a depth of loo fathoms 
'hrough chalk whose specific gravity is j-j; the diameter of the shaft 
'^^ng (O ft. What horse-power is required to Hfl out the material in 
'* working days of 8 hours each? [The weight of a cubic foot of 
*'%fir is 63'j pounds, and one horse-power is 33.000 foot-pounds , 

— ■ V.J 



ANSWERS. 
I. 

•• finch; i inch. 2. lolbs.; 12J lbs. 3. 7iin.; pin.; i8| in. 
^ 193 lbs.; 113 lbs. 5. ijlbs.; 2 lbs. 6. 3\/2lbs. S. W. 

• DB represents a force of Jt, lbs. westwards; AB represents 
a force of 2 sf^ lbs. inclined at an angle of 30° to AD, 

n. 

* Resultant 2 lbs. towards the south. 2. Resultant 7 lbs. downwards. 
'« Resultant 3 lbs. towards the north. 4. 2* 5. Zero. 
k 15. 7. 6 lbs. 8. 74 lbs. 

L The third horse must back with a force of 98 lbs. 

m. 

., Resultant 5 lbs., angle 53° . 7' nearly. [These angles are found 

from a table of tangents.] 2. i8'02...1bs., 33°. 40'. 

I. 65 lbs., 67°. 23'. 4. 9'2i9lbs., 49°. 24'. 5. 14*86 lbs., 47°.42'. 
I, 22-36 lbs., 63°. 26'. 7. 5-657 lbs., 45°. 8. 2 lbs., 60°. 

I, 4-76.. .lbs., 36°. 29'. 10. 4*836. ..lbs., 11°. 55'. 

1. 4-797 lbs., 30°. 12'. 12. ii-3ilbs., 43°. 56'. 

3. 5«lbs., 53°7'. 14. >/^M^, tan-i^ 

[The angle in each of these cases is that which the resultant makes 
dth the direction of the first of the forces given.] 

IV. 

. 20*784...1bs.; 41-568. ..lbs. 2. 8'66...1bs.; 5 lbs. 

, lib.; lib. 4. 57'3--lbs.; 57-3. ..lbs. 

. 1 7*675... lbs.; 17-675... lbs. 6. 100 lbs.; 100 lbs. 

, 14*14.. .lbs.; 14-14 lbs. 8. 25*98. ..lbs.; 25-98. ..lbs. 

V. ; 

I 

. 15 lbs. 2. 43*3 lbs. 3. 4 lbs. 4. 75 lbs. 

, 210 lbs. 6. 54-625 lbs. 7. i88'i78lUs. 8. 98*141 lbs. I 
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VI. 

1. 8*94.. .lbs. 2. 8-47. ..lbs. 3. 16-05. ..lbs. 4. 676.. .lbs. 
5. 9*848.. .lbs. 6. 14 lbs. very nearly. 7. 5 lbs. 8. «3*58..1bs. 
9. 46*35. ..lbs. 10. 21*25. ..lbs. 11. 225-6.. .lbs. 

12. ^ lbs. 13. 2^/3lbs. 14. s/i^lbs. 

vn. 

1. 6*48. ..lbs. 2. 5 lbs. 3. 7*07.. .lbs. 4. 2olbs. 

5. 2lbs.:ilb. 6. 20 lbs. 7. 9 lbs. 12. 5 lbs.; -5 lbs- 

vm. 

1. 9*83... lbs., [tan R0A=v6()i...\ 

2. 10* 1 9... lbs., \\sjiROA = rcl\, 

3. 9*85... lbs. nearly, [tan RO A = i'2fi\ 

4. 13*22. ..lbs., [tan -^(9-(4 = 1*375]. 

5. 385*5. ..lbs., [tan^O^= -31*86]. 

6. 17*32... lbs. acting in direction perpendicular to OA. 

7. -1*732... lbs., tan ROA = _ ; .*. Resultant lies in the third 

quadrant. 8. - i 732... lbs., see Answer to 7* 

9. 4*47... lbs., [tan ^0^ = J]. 10. Zero. 11. , Zero. 

12. 9605. ..lbs., [tan ^0^ = 6*25]. 13. Zero. 

14. —4* 25... lbs.: if the direction of force of i lb. be the initial line 
the resultant force lies in the third quadrant, [tan ROA — vi'S\. 

15. 6 lbs. and the resultant makes an angle of 120° with the direction 
of force of 3 lbs. 

16. 3*56.. .lbs. if force represented by AB=i\b.y \XzxiRAB=2'is^'\. 

18. 14*38 lbs., [tangent of angle which the resultant makes with the 
direction of the force of i lb. =3*09...]. 

IX. 

1. 13 lbs. 2. CvJ making an angle of 150° with the direction 
of 2Q. 4. ^^=5 lbs., Q= 12 lbs., R= 13 lbs. 

8. CA represents the resultant. 10. As 1 : 1J2, 12. 150°. 

13. cos-if 14. 7 lbs. 16. 2AB. 17. 3 x/2 lbs. ; 3 lbs. 
18. */i3lbs. 19. N/{4''+(3+N/3)'}lbs., 6*i9...1bs. 

20. 1 1 '6 lbs. nearly. 
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X. 

1. ^55 i5\/2 = «i'«--; zero. 2. i«*5; zero; ly's- 

3. «5; ^n/«=io*6...; 17-5. 4. 7^; 7«; 30; zero- 
5. 72; «4; 30; 144. 6. 7 inches from ^. 

7. 42 inches from A, 8. The point is f of -5C from B, 

4. A straight line parallel to the direction of the force. 

5. A straight line drawn parallel to the force which does not act the 
same round as the other two. 

7. The force passes through C, bisects AB and =6 lbs. 

B. 6 lbs. parallel to AB and distant 16 inches from A, 



1, The resultant of the forces cuts the line joining these two points in 
the ratio of 2 to i. 

2. The resultant must pass through Q. 
8. No, unless the triangle is equilateral. 

xrv. 

1, 5 lbs. acting 3 ft. from smaller force. 

2. 2^ ft. from smaller force. 3. 64 lbs. ; 48 lbs. 

4. 48 lbs.; 32 lbs. 5. 12 lbs.; 24 lbs. 6. 24 lbs.; 16 lbs. 

7. An unlike parallel force of 10 lbs. acting at the middle point. 

8. An unlike parallel force of 3 lbs. acting at a point 2 J ft. from the 
other unlike force. 

9. 2 cwt. 10. 7i ft. from fixed point. 

11. An unlike parallel force of 21 lbs. acting at a point 4 ft. from 
smallest weight. 

12. An unlike parallel force of 7 lbs. acting at a point 6 ft. from the 
smaller weight. 

13. « ft' froni the stronger man. 14. 4 ft. fi'om him. 
15. 2678 lbs.; 624ilbs. 16. 7Aft.; i^Mft. 
17. 8 lbs. and 6 lbs. 18. 1 168 lbs. 19. 350 lbs. 
20. 43 lbs.; 2 1 lbs. 21. I7ift. 22. 96 lbs. 23. 96 lbs. 

24. 21 lbs. acting at a point i\ in. from end. 

25. 27 lbs iff ft 

26. «4lbs 5ift 

27. 8ft 

28. ^TT ft* ^om end; i lb., 2 lbs., 4 lbs., 8 lbs. respectively. 

31. A force of 7 lbs. acting at a point 6f ft. from A, 

32. A force of 2 lbs. downwards at a distance 15 ft. from A, 
35. 20 lbs. 

L, S, -V^ 



^ 
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I 



1. OM'm line 0C=2^^in., 0N= 2\m. 

2. 0M= 1 in., 0N= iH in. 3. 0M= i in., 0A^=4 in- 

4. Ci^=3iin., CyV=2'i65... in. 

5. The point of intersection of the diagonals. 

6. The c. G. of the triangle. See p. 89. 

7. At the centre of the Inscribed Circle. CM^s- c, CN=--r, see 

s 

Trig, p. 232. 

8. If the force at C be unlike that of the other two then 

CM= a+d , cos r, C//= b sin r. 

If the parallelogram ABCO be completed, is the centre of the 
forces. 

9. At the centre of an Escribed Circle. If the force at C be the 
unlike force, then CM— 5^ CN=r^^ see Trig. p. 233. 

10. CM in direction CD=l(2C-d .cos D + b cos C), 

CNm direction perpendicular to CZ?=J(^sin C+a^sinZ?), 
AB=a, BC=bj CD=c, DA-d. 

XVI. 

1. J of length of rod from point of suspension of 10 lbs. 

2. M of length of rod from point of suspension of 3 lbs. 

3. 24 lbs., 20 lbs. 4. 8 fit. from the other end. 

5. 28f ft. from the first man. 

6. 5f ft* from point of suspension of 8 lbs. 

7. 6f ft. from point of suspension of 12 lbs. 

8. 10 ft. from that end. 9, 6 lbs. 10. 10 lbs. 

11. 'Aft* from point of suspension of 7 lbs. 

12. 3J ft. from point of suspension of i lb. 

13. «i ft' from point of suspension of 3 lbs. 

14. 16 lbs. 15. 2 lbs. 16. 8 lbs. 

17. 2678 lbs.; 624I lbs. 18. 7iirft.; i^Mft. 19. 16 lbs. 
20. 334 lbs. 21. 8ilbs. 22. 6 lbs. 23. 15 ft- 

xvn. 

1. c. G. is 2^a from the foot of the cross [a = side of square]. 

2. c. G. is distant \ of the diameter measured from the point of sus- 
pension of 2 lbs. 

3. c. G. is distant f of the diameter measured from the point of 
suspension of i lb. 

5. c. G. is 5I ft, from the middle point of iVv^ lovj^st side of the figure. 



I. 
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c. G. is distant ^ of the diameter from that comer. 

c. G. is distant ^ of the perpendicular from E on DE. 

c. G. is distant | of the line drawn from the middle of base to vertex. 

c. G. is distant ^ of the radius of the greater circle from its centre. 

c. G. is distant ■^J'i of the radius bisecting the two radii from 
the centre. 

c. G. is distant J of the radius drawn from centre to B. 

c. G. is distant J of the line drawn from centre to the middle of AD, 

c. G. is distant ^ of OD. 

As (^3 : I. 

c. G. is distant -^ of the line drawn from the middle of the 
opposite side to the other angle. 

c. G. is distant — - — ,-- o( the base from its middle point. 

8 + 2^3 
c. G. is distant ^ of the side of the square from the middle point 

of the base. 

Let the c. G. be at G\ draw GAf, 6^yV perpendiculars to DA^ DC; 
then GM={1 of DC; GN=^o{AD. 

c. G. is distant from E -f^ of the length of the line joining the 
middle of DC with E. 

The tangent of each base angle is 3. 29. S* 

xvm. 



Two thirds of the line joining the vertex with the middle point of 
the opposite side. 3. 45°» 135°. 

a /v/3. [a = side of square.] 7. 20*414 lbs. 

I. 1 20 lbs. 10. 18 lbs. 

!. 17 bricks; for the C.G. of 17 bricks is vertically over the edge of 
the 1 8th brick. 

If c^>a^ + 3^ then a force = J JV a_ » '^^ must be applied verti- 
cally upwards at B to maintain equilibrium. 14. 3^^ lbs. 



., A force of - i lb. 2. A force of - 1 1 lbs. 3. A force of - 3 lbs. 
t. AC must be produced to point Q, so that AQ—iS inches, 
i, 18 in. from E in the same direction. 
J. I -5 1 9... inches. 7. li in. from -<4. 

], (i) AD must be produced 7 in. 
(ii) DC must be produced i J in. 



STA TICS. XIX, 

II culs AD produced Id M sq that AM-^ri in^ and I 
duced to A^so that DN= ii-6 in, 

11. A rorce of 6 lbs. acting in a direction parallel to SC. 

12. EA must be produced to F so that AF^^-^ . 

16. A weight equal to iQ must be suspended from B. 

17. albs. 18. Valbs. 19. loolbb, 

XX. 
1. Hilbs. 2. ii6lbs. 3. Aweigjitofj. 

5. (i) Arorceofiolbs. (ii) too lbs. 

6. When the end of the chain has reached a point ^o fee 
ground. 7, s ft. 4 bi.; 7 ft. 4 

9. (i) the 4 lb. weight is at the lowest point ; (ii) 7 lbs., s H^fl 
10. (i) the 10 lbs. weight is at the lowest point, (ii) Tile w 
10 lbs. is at its lowest point and one part of the chain «! 
jibs, more Iban the other; therefore the tensions of die tWg;^ 
parts of the chain at the lowest point are S^Ibs. and ijibs.' 
(iii) i6jlb3. 11. gibs. 12. 20 lbs. 13. 5 lbs. 

lolbs. 15, 67ilbs.; 5o|lbs. 16. 78ftlbs.i iSSAlbs. 

17. soflbs.; 6jilb3. 18. iBST^lbs.; 78ftlbs. 

The vertical line from the p^ downwards must pass through its c.C 
Also since the peg is smooth the tension of the string is ccmstBOt 
throughout; therefore ihe vertical through the c.g. bisects die 
angle between the strings. Hence the siring is divided at Che ^t% 
into two parts in the same ratio as the rod is divided at its CO, 
[Euclid VI. i\. 

-X W; -X IV, where f = twice lenglh of line joining the peg % 
middle point of the rod. 
,34. iH'lanfl. 25. n/JW. 26. l^/3H'. 

The vertical downwards from centre of sphere will bisect til 
perpendicular dist. = J^3 r [r= radius]. 

The vertical downwards will pass through the c. G. of rod.-^ 
3 forces acting on the rod are the pressures al the two cndsi| 
force of gravity at the c. a. These 3 forces meet at the i!i 

The vertical through the bead bisects the angle betvn 

strings. 

If the strings supporting the extremities be produced tli^ 

meet the vertical drawn from the c. c. of the rod in one sjB 

same point. If the paralleli^am whose sides are along tbcfl 

nod diagomd vertical be completed the tcnsioni may M fe 



ANSli'ERS. 



\ 

»9. (i) Place the weight at one end with an arm of 5 It. and ihe -power | 

at the other with an arm of 10 ft. 
(ii) Place the weight ;i ft. from the fulcrum which is at one ex- 
tremity and the power acting vertically upwards at the other end. ■ 



XXI. 

1. 40 lbs. 2. 3* ft. 3. 7=ll>5. 

5. Any distance less than 3J ft. 

7il inches. 7. 2}^ lbs. 8. 

9. (i) Place the weight at one end with an arm of 5 It. and the -power 

at the other with an arm of 10 ft. 

(ii) Place the weight ;i ft. from the fulcrum which is 

tremity and the power acting vertically upwards at the other end. 

11. i|ft-_ _ _ 12. iiift. 

13. tS]j9.J>o: (ii)6V.olbs. = i8-97.-.lbs. 

14. 9ilhs. 15. (i) iSilbs. (ii) iVi49=^ 
/" X OA* 




\ 



367 lbs. 



3. ijin.; i4in. 5. loftlbs. 

He loses Irf. on every 2 lbs. 12. As ii'3 : 16. 

zzin. 

1. 5 lbs.; I inch. 2. The nominal weight is always 5 lbs. loo great 
3, tGin. 4. i6 lbs.; 15 lbs.: 1 in. 6, ^-i) in. from fulcrum; 3I in. 
8. At the fulcrum. 9. Thefulcrum is Bin. fromlhec.G. oflhebeam. 
11, c.c. is dislani 11 inches from the end to which the weight is 
attached! 402. 12. 36 lbs. 18. iinch. 

XXIT. 
1, lib. 2. Bo lbs. 3. 6 (pulleys). 4. 3 lbs. 5. 

6. 7 c. 1 (jr. 11 lbs. (putting the 6 lbs. pulley bighesl). 

7. 6 pulleys; 64 in. 8. 4 lbs. Q.iSV-.TlV. 10. [olbs.: ejlbs. ' 
11. The cenlre of the parallel farces is f of a foot from point of 

suspension of third pulley. 12, Half his weight. 

13. lib. 14. f-/". 16. i»ilbs. 

18. 5 Ions [neglecting the weight of cable]. 17, > 

18. 179* "«■ 19. -5 lbs. 20. 443 11»- 

22. 8t°„ linicE his own weigbl. 23. aS.lS lbs.; 37s Ibl. 

24. j611)s. 28. 60 lbs. greatest; {4 lbs. least. ', 

31. The system in whidi each pulley is supirorled by a se]j!ira.te st 



XXT. 

I V3lbs^='o781bB. 4. filbs. 5. 45° 6. je^. 

Is 1 : Va- fl. 46°- 10. Bo"- 11. &''■ 

I 12. JO"; 6 7^ lbs, 14. 3°°; 30°- 15. As 4:3; V/*- 
I 16. As AC: AB. 18. rggS... tons = 2 ions rery Dearly. 



XXVI. 

iScwL iqr. I7flbs- 4. iSejlbs. No. 5. Sft. 

TiiE radius of the wheel which is drawn lo the nail makes an anf^ 

with the vertical whose cosine is Vi- 

(i) when il acts vertically upwards; (ii) when it is vertically 

downwards. 

The diagonal to the point of application of the power makes an 

angle with the vertical whose sine is J. 



1. isTl- 



380-8 lbs. 
' + V3- 






2: 

r 



^■2-1- 8. iJ^ 

tan-»tt. 10. Sft. 12. taD-'^;i 

jiir very nearly. 14. Nearly 5 times. 15. litji- 

The resolute of the force along the roller must be less thi 

IV. The resolute perpendicular to the roller is -oi times HJl 
therefore the limiting angle must lie the angle whose tangent ' 
fin~' A i ™ry 'i'ti^ faoK than 1 1 10 lbs. 

lfx>.-9lbE.xifV3 = 6-3s...lbs. 19. ^-i. 

The distance of the c. G. from the cenlre= -r 
ft- 25. 1- '*" 



I 



angje whose tangent is — — ,, 



ANSWERS. XXVIII. 247 

29. If the girder b^ins to slip at both points at once the forccK 
of friction are equal. Therefore it will only bec^in to slip at both 
points at once it the force be applied at the middle point. If it 
be nearer one bar than the other the greater of these panillcl 
forces is in the middle, and the friction at the point at which it 
slips is greater than at the point where it does not. 

30. The point of application must divide the part of the girder within 
the bars in the ratio of 2 : i. 



2. 150°, 120°, 90°. 3. 135°. i35°» 90°. 

6. They are in the same straight line. 

7. 2 lbs. acting in the direction of the 5 lbs. 

9. I lb. acting in a contrary direction to the 19 lbs. 

10. The forces are parallel to the sidesx>f an equilateral triangle tuknii 
the same way round; hence their resultant is that of HIUh. and 
15 lbs. inclined at 120°= 13 lbs. 

13. 90°, the angle whose sine is ^f and the angle whose sine is \» 
[In each of these two cases the angle lies between 90" and iHo".| 

14. 150°. 15. The force along ^C = 2^3 lbs. The force alonjr 
Z?^=4lbs. 

16. AD bisects the angle FDE, :. the resultant is 

2/'cos^Z?^=2/'sin FDB-iPainA, 

.'. the forces are as i : i : 2 sin ^. 17, ^ . 

18. The two forces make an angle of 30" and 150° respectively with 
the side of the square. 



1. (i) A force of 10 lbs. acting in the direction opnositc that of the 
8 lbs.; (ii) A force of 10 lbs. acting along the (Jmch side opposite 
to the 8 lbs. and a couple whose moment is twice the area of the 

quadrilateral. 3. 7*73 lbs. 5. y2xOA. 

6. 4*6 and it lies in the fourth quadrant. 



6. A circle. 7. A line drawn perpendicular to the line joining 
the two **C.G.s" from the middle pomt. 



4. At C. 6. The tendency to break in each of the three cases 

is 90 X /, 130 X / and 50 x / where / is half the length of the plank. 

7. 4X II2X i; 448X It^ + 56oXt^; 784X I. 

8. 10 X 3; 10 X 2J. 11, A couple whose momenta the sum of 
the moments of the couples. 



8 STATICS. ^H 

MISCELLANEOUS EXAMPLES. XXXni. I 

, i4-i4...Ib5, 2. Thec.G. of Ihelriai^ 

Nine ; for the C. c;. of nine tiles is vertically above the outside edg« 
of the tenth. 4. One foot. 6. 6 ^/jlba. 

The two strings with weights 3 lbs. and 4 lbs. attached to them 
must be at right angles to one another, and the string attached to 
the weight 015 lbs. must be in the direction of the diameter of the 
parallelc^ratn fonned by the other two strings. 

12, The c. G. is in the axis of the longer cylinder, at a distances Af 
of its length from the point of junction of its axis. 

15. 90^6s^ 55°' 20. tan-'iVa- 

21, The direction of the string must pass through the centre of the 

sphere, it makes jo° with the vertical. Tension = ^ (fVS- 

PreESore = iH'V3- 23. Jii'Vs- 24. 4i Wns; 3! lotu. 

roin. from the scale-paiu 31. As 1 : 3. 32. 7 lbs. 

if in. farther from the 17 or.. 

Tension : Weight = length of the airing : twice the height of the 

37, The keel of the ship prevents sensible motion in the direction 

perpendicular to its length. In whatever direction the wind blows, 

the pressure which it applies to the sail is ' ,- , . 

the surface of the saU. The sail is so an 

has a resolute in the direction of the ship'; 

H of a foot. 
' 41. Join the middle points of the two wires the c.Q. will be distuit 

i'lSfiin.from the middle point of longer wire. lis distances fnan 

the wires are 3|in. and rjin. 
42. The friction permits him to arrange his body so that ihe c.G. of 

(his body and the ball) is outside ihe base so that the joint body 

topples over up the plane. 
45. ii':\tvJi:\WsJi. 53. sli-t- 54. A-r°- 

57. The radius at one extremity of the rod makes the angle 

tan-i '~^JLt ^rith the vertical. 
I + a;i - m' 

58. Let /„ /,, /, be the centres of the escribed circles; then' 
r, : rj = /j.4 : I^A ; .-. the C. C. of the weights at /„ /, is at A; 
.*. the c. G. of all three lines on Al^; .". their c g, is at tlie 

re of the inscribed circle. 




